Problema saptamanii 359

Rezolvati in multimea numerelor naturale nenule ecuatia 22! + 45Y = 22
Nicolae Papacu, Revista Arhimede, nr.2/2022

Solutie: (Titu Zvonaru)
Vom rezolva ecuatia in numere naturale.
Dacd y = 0, atunci 2*7! = (2 — 1)(z + 1). Existd numerele naturale a,b astfel incat
z24+1=2%2—-1=2" cux+1=a+b Obtinem 2% — 2° = 2, adica 2°°1 —2°-1 =1,
deci b =1, a = 2. Rezulta solutia (z,y,z) = (2,0, 3).
Fie y # 0. Dacd x = 2k, atunci 22! = 2(3+ 1)k = M3+ 2; deducem ca 22! + 459 =
M3 + 2, care nu este patrat perfect. Rezulta ca = 2k — 1, iar ecuatia din enunt
devine

(z —2M)(z + 2F) = 45Y.
Deducem ca z + 2 = 37 . 59 5i 2z — 2F = 3° . 5', unde p, ¢, s, t sunt numere naturale cu
p+s=2y,qg+t=y. Avem 2 -2F =3P.59 —3%.5" de unde rezultd ca ps = 0, gt = 0.
Daca s =t = 0, atunci p = 2¢ si 459 — 1 = M11 - nu obtinem solutii. Este usor de
observat ca ramane de rezolvat ecuatia 2 - 28 = 97 — 59,
Daci ¢ = 2n, atunci 9" — 52" = 81" — 25" = M56 = M7, deci nu obtinem solutii.
Daca ¢ = 2n+ 1, atunci 99 — 57 = (M8+ 1) —5(M8+1)" = M8+ 4, de unde rezulta
cda=1sgi97—57=4. Obtinem solutia (x,y,z) = (1,1,7).

Am primit solutii de la: Alexandru Ciobotea, Titu Zvonaru, Darius Chitu si lToan
Viorel Codreanu.

Problem of the week no. 359
Find all positive integers z, v, z such that 2*+! + 459 = 22,

Nicolae Papacu, Arhimede Mag., no.2,/2022

Solution: (Titu Zvonaru)
If z is even, z = 2k, then 22! = 2(3 + 1)* = M3 + 2; it follows that 22**1 4 45Y =
M3 + 2, which is not a perfect square. Thus, x is odd, x = 2k — 1, and the equation
becomes

(z —2) (2 4 2F) = 45,

We deduce that z 4+ 2¥ = 37 - 59 and z — 2% = 3° - 5!, where p, ¢, 5,t are non-negative
integers such that p+s =2y, ¢+t =vy. We have 2-2% = 37.57 — 3°. 5!, and therefore
ps=0,qt =0. If s=t =0, then p = 2¢q and 457 — 1 = M 11, and hence no solutions.
It is easy to see that in the remaning case we have to solve 2 - 2¥ = 97 — 59,

If g is even, ¢ = 2n, then 9" — 52" = 81" — 25" = M56 = M7, so, again, no solutions.
If gisodd, ¢ = 2n+1, then 97 —57 = (M8+1)?7—5(M8+1)" = M8+ 4, which means
that a = 1 and 97 — 59 = 4. We obtain the solution (z,y,z) = (1,1,7).



