Problema saptamanii 346

Fie a, b, c > 0 astfel incat abc = 1. Demonstrati ca
(> +bec+1)(B* +ca+1)(F+ab+1) > (a+be+1)(b+ca+1)(c+ab+1).
user AoPS squing

Solutia 1: Vom aplica inegalitatea lui Holder in urmatoarea forma:

(w1 +y1 + 21) (22 + yo + 22) (T3 + Y3 + 23) > (YT10223 + JY1y2ys + \3/212223)3 ;

oricare ar fi numerele reale pozitive x;,y;, z;, 1 = 1,2, 3.

Astfel,
(a® +be+ 1)(0* + ca+ 1)(? + ab+ 1) = (a® + abc + a)(b* + abe + b)(¢® + abe + ¢) =

=(@+1+a) 1+ +0)(1+E+¢)> (a+be+ 1)

Analog, avem relatiile (a® + be + 1)(b*> + ca + 1)(c* + ab+ 1) > (b + ca + 1)3 si
(@*> +bc+1)(b* +ca+1)(2+ab+1) > (c+ab+ 1)

~

Inmultind aceste trei inegalitati si extragand radical de ordin 3 obtinem inegalitatea
dorita.
Egalitatea are loc daca gi numai daca a =b=c = 1.

Solutia 2: (Titu Zvonaru)
Dupa desfacerea parantezelor, inegalitatea se scrie

Ya’b® + Xa’b + Bab® + Xa® > Ta?b + Tab® + Tab + Xa. (1)

Inegalitatea (1) rezulta prin adunarea urmatoarelor relatii, obtinute cu inegalitatea
mediilor si inegalitatea lui Schur (si tinand cont ca abc = 1) :
a®b+ a®b+be® > 3a, e+ bic+adc > 3b, ac® + ac® + ab® > 3¢
a0 + 36 + 3 > 3ab, b3 + b3E +a® > 3be, a3+ aP +b® > 3ac
2 (a3 +02+ 3+ 3abc) >2 (a2b + ab® 4+ b?c + b + a*c + acQ)
a0 + b3 + Aad + 3a203? > a?b + ab® + Ve + b + a’c + ac?
@b+ b3c+ ac® > 3a’b*, 2 (ab3 + b + a?’c) > 6abe.

Inegalitatea (1) se poate demonstra si folosind inegalitatea lui Muirhead. Pentru
aceasta, dupa omogenizare, relatia (1) se scrie sub forma

S atbich + 3 a¥hiel + 30 a0 = S a'e+ Y adbich + 3 afvics

sim cic cic sim cic cic
Aceasta inegalitate este adevarata deoarece (%, g, %) majoreaza (3,2,1), (1—30, %, %) pe

(3,2,2) i (3,3,0) pe (%, 1,2).
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Am primit solutii de la: Titu Zvonaru, Marian Cucoanes, David Tache si Ioan Viorel
Codreanu.

Problem of the week no. 346
Let a,b,c > 0 such that abc = 1. Prove that
(a® +bc+1)(b* +ca+1)(c* +ab+1) > (a+bc+ 1)(b+ ca+ 1)(c + ab + 1).
AoPS user squing

Solution 1:
We apply Holder’s inequality in the following form:
(w1 + 91 + 21) (22 + yo + 22) (T3 + Y3 + 23) > (V212273 + VY1123 + \3/2’12223)3 ;
for all positive real numbers x;, y;, z;, 1 = 1,2, 3.
Thus,
(a® +bc+ 1)(b* + ca + 1)(c®* + ab+ 1) = (a® + abe + a)(b* + abe + b)(¢® + abc + ¢) =
=(@+1+a) 1+ +0) 1+ +¢) > (a+be+ 1)
Similarly we have (a* + bc + 1)(b* + ca + 1)(c* + ab+ 1) > (b + ca + 1)* and
(a®> +bc+ 1) (B> +ca+ 1) (A +ab+1) > (c+ab+ 1)>

Multiplying these three inequalities gives the desired inequality lifted to the power 3.
Equality holds if and only if a =b=c=1.

Solution 2: (Titu Zvonaru)
Expanding, we obtain

2a’b? + BaPb + Zab® + Za® > Zab + Tab® + Sab + Za. (1)
The inequality (1) can be obtained by adding the following inequalities that are con-
sequences of the AM—GM inequality and Schur’s inequality (also using abc = 1) :
a®b+ ab+ bc® > 3a, bPc+ e+ ade > 3b, ac® + ac® + ab® > 3¢
a6 + 363 + 3 > 3ab, b3 +03E +a® > 3be, a3+ a +b® > 3ac
2 (a® + 0>+ & + 3abe) > 2 (a’b + ab® + b’c + be® + a’c + ac?)
a0 + 033 + Aa® + 3a?0*? > a®b + ab® + bPc + b? + a’c + ac?
adb + b3c + ac® > 3a%b%2, 2 (ab3 + b + a3c) > 6abe.
The inequality (1) can be proven also by using Muirhead’s inequality. First, one needs
to make (1) homogeneous:

1,5 2 10,4 4 : 8.5 5 7,7 4
a3bscs + E a3b3cs + E a*h® > E a*b’c + E a3bscs + E a3b3cs
sim cic cic sim cic cic
This inequality is true because (11 : %) majorizes (3,2, 1), (m, %, %) majorizes (g, g, %)

303 3
and (3,3,0) majorizes (7 ! 4)
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