Problema saptamanii 339
Un triplet de numere naturale nenule (a, b, ¢) se numeste brazilian daca
a|be+1, b|ac+1, clab+1.
Determinati toate tripletele braziliene.
Junior Olimpiad, Brazil, 2021
Solutie: (loan Viorel Codreanu)
Daca a = b, atunci a | ac + 1, de unde rezulta ca a | 1, adica a = b = 1si ¢ | 2.

Obtinem solutiile (a,b,c¢) = (1,1,1) si (a,b,¢) = (1,1,2). Analog, daca a = ¢ sau
b = ¢, obtinem solutiile (a,b,c) = (1,1,1), (a,b,¢) = (2,1,1) si (a,b,¢c) = (1,2,1).

Datorita simetriei relatiilor de divizibilitate, putem presupune in continuareca 1 < a <
b < c. Avem abc | (be+1)(ca+1)(ab+1), sau abe | a*b*c*+abe(a+b+c)+ab+be+ca+1,
de unde obtinem ca abc | ab+bc+ca+1, si atunci abe < ab+be+ca+1. Vom arata ca nu
putem avea a > 3. Intr-adevir, daci a > 3, atunci abe > 3be > be+(a+1)c+(a+2)b >
ab + bc 4 ca + 1, contradictie cu abc < ab+ bc + ca + 1.

Daca a = 1, atunci ¢ | b+ 1, de unde obtinem ca ¢ < b+ 1. Dar, cum ¢ > b+ 1,
obtinem ca ¢ = b+1. Din b | b+2 rezulta ca b | 2. Cum b > 2, obtinem ca b = 2 si ¢ = 3.

Daca a = 2, atunci ¢ | 2b + 1, adica exista numarul natural nenul d, astfel incat
2b+1 = cd. Observim c& d = 1. Intr-adevir, dacd d > 2, atunci 2b+1 = cd > 2(b+1),
contradictie. Avem ¢ = 2b+ 1, si atunci b | 4b + 3, de unde deducem ca b | 3. Cum
b>2 obtinemcab=3sic=T.

1), (1,2,1), (1,1,2), (1,2,3), (1,3,2),

Asadar, tripletele braziliene sunt (1,1,1), (2,1,1), ( ,
2,7,3), (3,2,7), (3,7,2), (7,2,3) 51 (7,3,2).

(2,1,3),(2,3,1), (3,1,2), (3,2,1), (2,3,7), (2,
O problema asemanatoare este si problema saptamanii 107.

O problema inrudita:

Fie n > 2 un numar natural. Sa se arate ca exista aq,as, ..., a, numere naturale mai

mari ca lastfel incat, pentru orice k € {1,2,...,n} sa avem ay, | Hai + 1.
i
Titu Zvonaru, GM nr. 2/1999
k—1
Se pot alege numerele a; =2, a0 =2+1,a3=2-3+1, ..., ak:HajJrl, e
j=1

Am primit solutii de la loan Viorel Codreanu si Daniel Vacaru.



Problem of the week no. 339

A triple of positive integers (a, b, ¢) is brazilian if
albe+1, b|ac+1, c|ab+ 1.
Determine all the brazilian triples.
Junior Olympiad, Brazil, 2021

Solution: (loan Viorel Codreanu)

If a = b, then @ | ac+ 1, hence a | 1, ie. a = b = 1 and ¢ | 2. We obtain
(a,b,c) = (1,1,1) and (a,b,c) = (1,1,2). Similarly, if a = c or b = ¢, we get
(a,b,c) = (1,1,1), (a,b,¢) =(2,1,1) and (a,b,c) = (1,2,1).

In the sequel, because of symmetry, we may assume 1 < a < b < ¢. Then abe |
(be + 1)(ca + 1)(ab + 1), ie. abe | a*b*c® + abe(a + b+ ¢) + ab + be + ca + 1, hence
abc | ab+bc+ ca+ 1 and, therefore, abc < ab+ bc+ ca+ 1. We prove that we can not
have a > 3. Indeed, if a > 3, then abc > 3bc > be+(a+1)c+(a+2)b > ab+be+ca+1,
which contradicts abe < ab 4+ bc + ca + 1.

Ifa=1,thenc|b+1, hence c < b+ 1. But,asc>0b+1, we get c =b+ 1. From
b| b+ 2 it follows that b | 2. As b > 2, we get b =2 and ¢ = 3.

If a = 2, then ¢ | 2b+ 1, i.e. there exists a positive integer d such that 20+ 1 = cd. We
prove that d = 1. Indeed, assuming d > 2, we have 2b+ 1 = c¢d > 2(b+ 1), contradic-
tion. Thus, ¢ = 2b+1, and then b | 4b+3, hence b | 3. Asb > 2, we get b =3 and c = 7.
In conclusion, the brazilian triples are (1,1,1), (2,1,1), (1,2,1), (1,1,2), (1 :
(1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1), (2,3,7), (2,7,3), (3,2,7), (3,7,2), (7,2,3)
and (7,3,2).

A similar solution can be found on |AoPS.

Compare this problem to the problem of week number 107.


https://artofproblemsolving.com/community/c6h2781641_mutual_divisibility

