Problema saptamanii 338

Fie a, b, c numere reale pozitive. Demonstrati inegalitatea

a c
<1

a++/(a+b)(a+c) b—l—\/ (b+a) b+c (c+a)(c+b)

Walther Janous, Crux Mathematicorum, iunie 1991

Solutia 1: Avem /(z +y)(z + 2) > /7y + Vx2, Va,y,2 > 0.

intr—adevér, prin ridicare la patrat, inegalitatea precedents revine la 2% +yz > 2x./yz,
adicd (z — \/yz)? > 0, evident adevérata.

Folosind aceasta inegalitate, avem

a

c
<
a++/(a+0b)(a+c) b+\/ b+a b+c ++/(c+a)(c+b)
a n b n c B
a++ab+ac b+ Vba+Vbe ¢+ Jea+ Vb
Ja Vi N
+ + ~ 1
Va+vbh+ye Vbh+a+ye et a+ Vo
Egalitatea are loc daci a = Vbe, b = \/ca si ¢ = Vab, adicd a = b = c.

Solutia 2: Folosind inegalitatea mediilor obtinem

a a( (a+b)(a+c)—a)<a-%—a2 ab + ac

a+ (a+b)(a+c)_ (a+b)(a+c)—a®> ~— ab+bct+ca  2(ab+bc+ca)

Scriind inca doua relatii similare, prin adunare, rezulta inegalitatea dorita.

Solutia 3: (Titu Zvonaru)
Cu inegalitatea Cauchy-Buniakovski-Schwarz obtinem (a + b)(a + ¢) > (a + Vbc)? si
atunci este suficient sa demonstram ca

b c
<1
2a—|—\/_ Zb+\/_a 2c++Vab ~

Ve N Vea N Vab .-
2a +vVbe 204++ca 2+ ab T

Folosind inegalitatea lui Bergstrom, rezulta

Vbe N Vea N Vab _ bc N ca N ab S
2a+vVbe  2b++Vea  2c+Vab  2aVbe+be  2byv/ca+ca  2ev/ab+ab
(Vab + Vbe + \/ca)?
~ 2aVbe + 2by/ca + 2¢v/ab + ab + be + ca

sau

1



Solutia 4: (Marius Valentin Dragoi)
Ca mai sus, este suficient sa demonstram ca

a b c
+ + <1
2a + vVbe 2b++/ca  2c+ +ab

Din inegalitatea dintre media geometrica si cea armonica avem

a b c a b c
+ - < + +
2a +Vbe 2b++/ca  2c4+ab 2a—|—b2Tbcc 2b—|—62%l 20—1—%

a(b+c) b(c+ a) cla+b)
2(ab+bc+ca)  2(ab+bc+ca)  2(ab+be+ca)
Solutia 5: Inegalitatea fiind omogena, este suficient sa o demonstram in cazul
ab + bc + ca = 3 (modificand proportional variabilele, putem reduce mereu problema

la acest caz).
In acest caz, inegalitatea de demonstrat revine la

a b c
+ + <1
a+vat+3 b+Vb2+3 c+VcE+3

Dar din inegalitatea dintre media patratica si cea aritmetica avem ca

¢ﬁ+1+1+1>a+1+1+1
4 = 4

3
si analoagele, adica va? + 3 > %. Este, deci, suficient sa demonstram ca
a b c ]
a+a+3 +b+b+3 +c—|—c+3 o
2 2 2
adica
a b c 3
<

el brl T er1=2

(in conditiile egalitatii ab + bc + ca = 3). Eliminand numitorii, se ajunge la
6abc + 4(ab + be + ca) + 2(a + b+ ¢) < 3abe + 3(ab + be + ca) + 3(a+ b+ ¢) + 3.

Folosind conditia ab + bc + ca = 3, este suficient sa aratam ca 3abc < a + b + ¢,
adica 9abe < (ab+ be + ca)(a + b+ ¢). Aceasta rezulta imediat aplicand inegalitatea
dintre media aritmetica si cea geometrica pentru cele trei numere din fiecare paranteza.

Multe multumiri lui Titu Zvonaru care mi-a semnalat sursa problemei si trei dintre
solutiile prezentate mai sus.



Am primit solutii de la: Titu Zvonaru, Marius Valentin Dragoi, Marian Cucoanes,
Tonut Mihai Dragoi, Adrian Zanca si Toan Codreanu.

Problem of the week no. 338

Let a, b, ¢ be positive real numbers. Prove the inequality

a c
<1

a++/(a+b)(a+c) b~|—\/ b+a b~|—c (c+a)(c+b)

Walther Janous, Crux Mathematicorum, june 1991

Solution 1: We have \/(z +y)(z + 2) > /7y + 2z, Vz,y,2 > 0.
Indeed, by squaring, the previous inequality becomes z? 4 yz > 2x\/yz, i.e.
(x — /yz)* > 0, obviously true.

Using this inequality we get

a c
<
a++/(a+b)(a+c) b~|—\/ b+a b+c ++/(c+a)e+b)

a b c
+ + =
a+Vab+ac b+ Vba+vVbe ¢+ Jeca+ Vb

Va Vb Ve

+ + — 1.
Va+vb+ye Vb+a+ye et a+ Vb
Equality holds when a = Vbe, b = /ca and ¢ = Vb, i.e. a =b=rc.
Solutia 2: Using AM-GM we have
a _ o (a+b)(a—|—c)—a)<a-%—a2: ab + ac
a++/(a+0b)(a+c) (a+b)(a+c)—a®> — ab+bc+ca 2(ab+ be+ ca)

Adding this to two similar inequalities leads to the desired result.

Solution 3: (Titu Zvonaru)
From CBS we have (a + b)(a + ¢) > (a 4+ v/be)? so it is sufficient to prove that

a b c
<1
2a+\/_ 2b+\/_a 2¢ +vVab ~

Ve Jeca Vab .
2a+\/_ 2b+\/_a 2c++ab

or




Using Titu’s Lemma, we obtain

Ve Vea Vab be ca ab
2a+\/_ 2b+ /ca 2c+\/E:2(1\/%+bc+Qb\/@JrcaJchx/EJrabZ
(Vab + vVbe + y/ca)?
~ 2aVbe + 2by/ca + 2¢v/ab + ab + be + ca

Solution 4: (Marius Valentin Dragoi)
As above, it is sufficient to prove that

=1.

b c
<1
2a—|—\/_ 2b+\/_a 2c++Vab ~

From the inequality between the geometric and harmonic mean we have

a b c a b c
- + + + =
20t e Wt e v ab 2a+ 22 2+ 2L 204 22
a(b+ c) b(c+ a) cla+0b)

2(ab+bc+ ca)  2(ab+ bc+ca)  2(ab+ be+ ca)

Solution 5: The inequality being homogeneous, it is sufficient to prove it in the case
when ab+ bc+ ca = 3 (by scaling the variables, we can always reduce the general case
to this case).

Thus, the inequality to be proven reduces to

a b c
+ + <1
a+va®+3 b+VV¥*+3 ct+VeA+3
But from the inequality between the quadratic mean and the arithmetic mean, we
have

¢ﬁ+1+1+1>a+1+1+1
4 = 4

and its analogues, i.e. Va?+3 > ats and analogues. It is therefore sufficient to
show that
a . b . c <1
&+a+3 b—l—b+—3 c+c+3_ |
2 2 2
le.
a n b c_ - 3

e+l bl er1-2
(under the condition ab + bc 4 ca = 3). Clearing denominators, we get to

6abc + 4(ab + be + ca) + 2(a + b+ ¢) < 3abe + 3(ab + be + ca) + 3(a+ b+ ¢) + 3.

Using the condition ab + bc + ca = 3, it is sufficient to prove that 3abc < a+b+c, i.e.
9abc < (ab+be+ca)(a+b+c). This follows immediately from the AM-GM inequality
for the three numbers within each of the two parenthesis.
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