Problema saptamanii 327

Determinati toate perechile (a,b) de numere naturale nenule cu proprietatea ca 2%+ 1
este divizibil cu 2% — 1.

Solutie: (Titu Zvonaru)

Observam imediat ca perechile (k, 1) sunt solutii, unde k este un numar natural nenul.
Presupunem ca b > 1. Conform teoremei impartirii cu rest, avem a = bn + m, unde
m,n sunt numere naturale cu m < b. Atunci

2041 =2m.2" 4 1 =2m(2" 1+ 1)"+1=M(2"—1)+2" + 1.

O conditie necesara (nu si suficientd) pentru ca 2% + 1 s se divida cu 2° — 1 este
2m 41> 20— 1, adica 271 + 1 > 271, Pe de alta parte, avem m < b = 2™~ <
201 — om-1 < 2b=1 1 Rezultd ca 2™ ' +1 = 2= cum b > 1, din motive de
paritate deducem cd m = 1, b = 2. Deoarece 22"t +1 = 2(3+1)"+1 = M3, obtinem
solutiile (2k + 1,2), cu k numar natural.

Am primit solutii de la: Titu Zvonaru, Alexandru Ciobotea si Alberto Radu.

Problem of the week no. 327
Determine the pairs of positive integers (a, b) such that 2° — 1 divides 2% + 1.

Solution: (Titu Zvonaru)

We immediately notice that all pairs (k, 1) are solution, where k is a positive integer.
Assume b > 1. We write a = bn + m, where m, n are non-negative integers such that
m < b. It follows that

20 41 =2m.2" 1 1 =2m(2" 1+ 1)"+1=M(2"—1)+2" + 1.

A necessary (but not sufficient) condition for 2¢ + 1 to be divisible by 2> — 1 is
2m 41 > 2 —1,ie. 2771 41 > 2"=1 On the other hand, we have m < b —=
om—l < 9b=1 — gm=1 < 9b=1 _ 1 Tt follows that 2" ! 4+ 1 = 2°71; as b > 1, from
parity reasons we find that m = 1, b = 2. As 22" 41 =23+ 1)" +1 = M3, we
obtain solutions (2k + 1,2), where k is a non-negative integer.



