Problema saptamanii 326

Daca a,b, c € (0,00), demonstrati ca

a b ¢ (a+b)?*  (b+¢)? (c+a)?
2(2424+5) > .
( Tt )_a2+bc b2+ca+02+ab

b ¢ «a
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Solutia 1:

a b ¢
Din inegalitatea mediilor rezulta 7 + - 4+ — > 3, deci este suficient sa demonstram ca
c a

a b ¢ (a+0)? (b+c)?  (c+a)?
T2 % 3> .
b+c+a+ _a2+bc+b2+ca 2+ ab

Din inegalitatea Cauchy-Buniakowsky-Schwarz, forma Titu Andreescu, avem

b a*> b _ (a+0b)?
14227
+c az—i_bc_aerbc7

care, adunata cu analoagele, duce la inegalitatea ceruta.
Egalitatea are loc daca a = b = c.
3 b

Solutia 2: Notam % =23, - =5, € 23, Atunci z,y,z > 0 si 2yz = 1.
c a
(«®+1)?  @+1)?  (P+1)

Inegalitatea devine 2(x3 + 33 + 23) > . Da
negail vine 2(z* +y Z)_x6+x3z3 Y6+ P3| 23+ 23yB r

(2 +1)*  (2° +ay2)’ (2?2 +yz)yz  ayz+ 207227 4 P20 <

ZL’G + 1'323 ZL’G + 1'323 ZL’3 + 23 I3 + 23

rlyz + zy2t + 23y + 9323

3 4 23 = zyz+y",

deci inegalitatea de demonstrat rezulta din 2(z3 + y3 + 23) > 23 + y3 + 23 + 3xyz care
rezulta imediat din inegalitatea mediilor.
Egalitatea are loc daca r =y =2z =1, adicaa = b = c.

Am primit solutii de la: Marius Valentin Dragoi, Marian Cucoanes si Alberto Radu.



Problem of the week no. 326
If a,b,c € (0,00), prove that

a b ¢ (a+b)?*  (b+¢)? (c+a)?
20(2424+ %) > .
( Tt )_a2+bc b2+ca+02+ab

b ¢ a
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Solution 1: ;
From the AM-GM inequality we get % + -+ < > 3, therefore it is sufficient to prove
c a

that b (a+b)?  (b+¢)?  (c+a)
a c a—+ +c c+a
— — — 3> .
l)—kc—'—ajL _a2+bc+62+ca 2+ ab

From CBS (Titu’s Lemma),

b a® V¥ _ (a+b)?
1+-==+—-—>—=
+c a2+bc_ a?+be’
which, added to its analogues, leads to the desired conclusion.
Equality holds when a = b = c.

= 2°. Then z,y,z > 0 and ayz = 1.
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Solution 2: Put % = xg, - = y3,
c

c
a

The i lity b 223 +y* + 2%) >

e inequality becomes 2(z° +y +z)_:p6+x3z3 B S g

(2 +1)*  (2° +xy2)’ (2? +y2)’yz  a'yz 4+ 22%y%2% + P20 <

26 4 323 26 4 323 3 + 23 a3 4 23 -

rlyz + zy2t + 23y + 323
x3 4 23
and our inequality follows from 2(z3 + 3 + 23) > 2% +9® + 23 + 3xyz which is true by
AM-GM.
Equality holds when xr =y=2=1,1ie. a=b=rc.

= ayz +y’,




