Problema saptamanii 314
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Aflati numerele reale .,y care satisfac relatiile 2% + y? = 2 si
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Solutia 1: (Daniel Vacaru)
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. not V2N .. . .
si p = xy, dupa inlocuiri obtinem ecuatia

si (x4 y)2—2xy — 2. Notand s ™2 z+y

4 — s(s*— 3p)
4—-2s+p

de unde, inlocuind 2p = s* —2, rezultd s* —2s*+2s—4 =0 & s* (s —2)+2(s — 2) =
0 (s—2)(s*+2)=0. Urmeaza cd s =2sip=1,de unde z = y = 1.

x? 2 — x?

Solutia 2: Inlocuind y? = 2 — 22, a doua relatie se scrie 5 = 5 . De aici
. 4—dx+2* o . . . .
se obtine y = Sy y——t Inlocuind in prima relatie si aducand la acelasi numitor
—2r+x

se obtine ca x trebuie sa satisfaca ecuatia 2% — 42® — 22* 4 823 + 422 — 162+ 8 = 0.
Aceasta din urma se scrie 2(z — 1)?(z* — 22% +4) = 0. Deoarece x? — 222 + 4 =
(22 —1)?+3 > 0, deducem ca = = 1, apoi cd y = 1, pereche care satisface intr-adevar
ambele ecuatii din enunt,.

Comentarii: 1. Ideea de a exprima expresii simetrice in doua variabile in termeni
de suma si produs (Solutia 1) este o metoda clasica, deseori utila.

2. Ghicirea solutiei * = y = 1 ajuta la descoperirea descompunerii in factori
220 — 4a® — 22* + 823 + 42® — 162 + 8 = 2(x — 1)*(2* — 22® + 4) care constituie
cheia Solutiei 2.

Se poate consulta si solutia oficiala.

Am primit solutii de la: Daniel Vacaru, Adrian Zanca, Alezandru Ciobotea, Adrian
Miclaus si Lucian Trepteanu.
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Determine all pairs of real numbers z, y that satisfy 2244 = 2 and =2.
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Solution 1: (Daniel Vicaru)
2 2 A — (23 1 o3
We have 2 = — + LA (" +y)
2—y 2—x 4-2(x+vy) +ay

sz 4+yand p™ 2y, using 22 + y% = 2 we get

and (z +y)” — 2zy = 2. Putting

4 —s(s?—3p)
4—-2s+0p

Plugging 2p = s> — 2 yields s —2s? +25s —4 =0 s? (s —2)+2(s—2) =0 &
(s —2) (s* +2) = 0. It follows that s =2 and p= 1, hence z = y = 1.

Solution 2: Plugging y? = 2 — 22 into the second equation becomes
x? 2 — 12 , , 4 — 4y + 2®

5y =2 - 5o Computing for y gives y = Sy y——t

Plugging this into the first equation and clearing denominators show that x must
satisfy the following equation: 225 — 42% — 22* + 823 + 422 — 162 + 8 = 0. This can
be factorized 2(x — 1)*(z* — 222 +4) = 0. Asz' — 222 +4 = (22 = 1)2+3 > 0, it
follows that x = 1, then y = 1. It is easy to check that this pair does indeed satisfy
both equations.

You can also read the official solution.


https://www.mathsolympiad.org.nz/competitions/nzmo/problems/nzmo1_2022_solutions.pdf

