Problema saptamaéanii 311

Rezolvati in multimea numerelor intregi ecuatia (:c3 — y2)2 = (:1:2 — y3)2.
Szalar Mdté, Revista KoMal., 2020

Solutie: (Daniel Vacaru)
Obtinem ca fie 23 —y?> =22 — 3y (1), fie2® —¢y? = -2 +3* (2).
Ecuatia (2) este echivalenta cu

23+ a? =8 g

Obtinem 23 — 3 + 22 — 9> = 0 & (v —y) (@®* +ay+y* +x +y) = 0; rezultd ca
r=ysauz?+z(y+1)+y?+y = 0. Aceasta ecuatie de gradul Il in x are A =
(y+1)°—4y(y+1) = (y+ 1) (=3y+1). Dacd y € (—o0, —1)U(3, 00), atunci A < 0.
Raméne ca y € {—1,0} si se gasegte x = 0 daca y = —1 gi z = 0 sau x = —1 daca
y = 0. Obtinem solutiile

{(k,k),keZ}u{(0,-1),(0,0),(—1,0)}.

Pentru ecuatia (1), avem 2°+1° = 22432 < (z 4+ y) (22 — 2y + ) = (z + y)* —2zy.
Notand z + y ot S, x-y £ P, gasim

S8 — 52

S(8*-3P)=5*-2P & 5% -5 =3PS—2P < P = 555 €%
Rezulta ca 27TP €7 <
27893 — 27582 2783 — 1852 — 952 + 65 — 65 +4 —4 4
= + + =958?2-35-2— €7

35 -2 35 —2 35 -2

Obtinem 35S — 2 € {—4,-2,—-1,1,2,4} & 35 € {-2,0,1,3,4,6}. Singurele valori
convenabile sunt S =0, S =1, S = 2. Pentru ele obtinem P =0, P = 0, respectiv
P=1.

Obtinem x =0,y =0, ncazul S=0,P =0,z =1,y =0six =0,y = 1 in cazul
S=1,P=0siz=1ly=1incazul S=2,P=1.

Agadar, pentru ecuatia (1) avem solutiile

{(0,1),(1,0),(0,0),(1,1)}.
In concluzion, solutiile sunt (0,£1), (£1,0) si (k, k), cu k € Z.
Problem of the week no. 311
Determine all pairs of integers (z, y) that satisfy the equation (x3 —y2)2 = (562 —y3)2.
Szalai Mdté, KoMal, 2020



Solution: (Daniel Vacaru)
We obtain 22 —y? = 2% — 3> (1) ora® —y? = -2 +¢*> (2).
But (2) is equivalent to

e R B
We obtain 2% — 3+ 22 —9y> =0 & (v —y) (@ +ay+y*+x+y) = 0; we find
r=uy,or 2 +x(y+1)+y?+y=0. This quadratic equation in variable  has A =
(y+ 1) =4y (y+1) = (y+ 1) (=3y +1). We observe that if y € (—oo, —1) U (3,00),
then A < 0. It follows that y € {—1,0} and x =0 for y = —1,and x =0 or x = —1
for y = 0. We obtain solutions

{(k, k), k € Z} U{(0,~1),(0,0), (—1,0)} .

For (1), we have 2° +¢y® = 2> + > & (z 4+ y) (22 — zy + 12) = (z + y)* — 2y
Denoting = + y ot S, x-y ot P, we find

33_52
S(SQ—SP):SQ—2P<:>S3—SQ:3PS—2P<:>P:38_2EZ.
It follows that 27P € Z <
275% —278?  275% — 1852 —95% 465 —6S +4 — 4 ) 4
= =958%2-35-2— 7
35 2 35 2 057 =35-2-3575 ¢

We obtain 35 — 2 € {—4,-2,—-1,1,2,4} & 35 € {—2,0,1,3,4,6}. The only admis-
sible values are S =0, S =1, S =2. It follows P =0, P =0, P = 1, respectively.
We obtain x = 0,y =0, for S =0,P =0,z =1,y =0and x = 0,y = 1 for
S=1,P=0andxz=1,y=1for S=2,P=1.

For equation (1) we get
{(0,1),(1,0),(0,0), (1,1)} .
In conclusion, the solutions are (0, £1), (£1,0) and (k, k), with k € Z.



