Problema saptamanii 306

Daca0<a<b<c<d<esia+b+c+d+e=1, demonstrati ca

O] =

ad + dc + ¢b + be + ea <

baraj China, 1994

Solutia 1: (Denis Nica)
Avem a+b < a+c < b+d < c+e < d+e, astfel ca din inegalitatea lui Cebagev rezulta

a(d+e)+blc+e)+cb+d)+da+c)+e(a+b) <

ad + dc+ ¢b+ be + ea = 5 <
(a+b+ct+d+e)-[(d+e)+(ct+e)+(b+d)+(at+c)+(at+b)]
2-5 B
2a@+b+c+d+e)? 1
10 5

1
Egalitatea are loc daca gi numai dacaa=b=c=d=e = £

Solutia 2: (David Ghibu, Titu Zvonaru)
Fie x,y, z,t > 0 astfel incat b = a+x, ¢ = a+x+y, d = a+x+y+z, e = at+x+y+z+t.
Inegalitatea de demonstrat se scrie

(5a+4r +3y+2z+t)> >5lala+z+y+2)+(a+r+y+2)(a+z+y)+

(a+zty)latz)+(eta)latr+y+z+t)+(atr+y+z+it)a,

adica, dupa calcule,
2 4 4y? + 422 + 2 4 doy + 622 + 3at + Tyz + 6yt + 42t > 0.

Aceasta inegalitate este evident adevarata. Egalitate avem daca si numai daca
1

r=y=z=1t=0, adicédacésinumaidacéa:b:c:d:e:5.
Solutia 3: (schita) (Radu Stoleriu, Aida Mitroi)

Notand E(a,b,c,d,e) = ad+dc+cb+be+ea, se aratda cadaca 0 <a<b<c<d<e
atunci

E(a) b7 C7 d7 e) S E Y 7 7 C? Y
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1) (2)
(a+b a+b,c,d,e)<E<a+b a+b d+e d+e>

si apoi ca

—
=

E($,$,1—2$—2y,y,y) S

ol =



Am primit solutii de la: David Ghibu, Titu Zvonaru, Denis Nica, Emanuel Mazare,
Radu Stoleriu si Aida Mitroi.

Problem of the week no. 306
fo<a<b<c<d<eanda+b+c+d+e=1, prove that

ad + dc + cb + be + ea <

O] =

TST China, 1994

Solution 1: (Denis Nica)
Asa+b<a+c<b+d<c+e<d+ e, from Chebyshev’s inequality we get

a(d+e)+blc+e)+cb+d)+da+c)+e(a+b) <

ad + dc+ ¢b + be + ea = 5 <
(a+b+ct+d+e)-[(d+e)+(c+e)+(b+d)+(at+c)+ (a+b)]
2-5 B
20a+bt+ct+dte)? 1
10 5

1
Equality holds if and only ifa =b=c=d=e = =

Solution 2: (David Ghibu, Titu Zvonaru)
Consider z,y,z,t > 0O such that b = a+2z,c=a+2x+y, d=a+z+y+ 2,
e=a+x+y+ 2+t The inequality becomes

(5a +4r +3y+2z+t)? >5lala+r+y+2)+(a+a+y+2)(atr+y)+

(a+z+y)a+a)+(a+a)atoty+z+)+(ataoty+s+t)al,

i.e., after some computations,
22 4+ 4y? + 422 + 2 4+ Aoy + 622 + 3xt + Tyz + 6yt + 42t > 0.

This inequality is clearly true. Equality holds if and only if z =y =2 =t =0, i.e.

1
ifandonlyifa:b:c:d:e:g.



