Problema saptamanii 296

Pentru orice numar natural n mai mare ca 1 notam 7}, numarul submultimilor nevide
S ale multimii {1,2,...,n} cu proprietatea ca media aritmetica a elementelor lui S
este un numar intreg. Demonstrati ca 7;, — n este intotdeauna un numar par.

Concursrul Putnam, 2002

Solutie: Printre submultimile nevide ale multimii {1,2,...,n} care au proprietatea
ca media aritmetica a elementelor lor este numar natural se afla si singletoanele {1},
{2}, ..., {n}. Celelalte submultimi care au aceasta proprietate pot fi grupate in
perechi de forma (A, AU {m}), unde A este o submultime care nu-si contine me-
dia aritmetica m. Aceste perechi sunt disjuncte si contin toate submultimile cu cel
putin doua elemente care igi contin media aritmetica. Asadar, T,, = n+ 2x numarul
perechilor, deci T, — n este numar par.

Am primit solutii de la: David Ghibu, Radu Stoleriu si Emanuel Mazare.

Problem of the week no. 296

Let n be an integer greater than 1 and let 7}, be the number of non empty subsets S
of {1,2,...,n} with the property that the average of the elements of S is an integer.
Prove that T, — n is always even.

Putnam, 2002

Solution: Among the non-empty subsets of {1,2,...,n} whose average is an integer
are the singletons {1}, {2}, ..., {n}. The other subsets that have this property can
be paired up as follows: a subset A that not contain its average is paired up with
AU{a}, where a is its average. The pairs (4, AU{a}) are disjoint and contain all the
subsets whose average is an integer, with the exception of the singletons. There are n
singletons, therefore, as we have grouped the remaining subsets into pairs, T'—n —n
is an even number.

There is another solution, see post #12 on AoPS.


https://artofproblemsolving.com/community/c6h519275p2923781

