Problema saptaméanii 294

Numerele reale pozitive a, b, ¢, d verifica egalitatea a? +b? +c? +d? = 1. Demonstrati

inegalitatea
(1—a)(1=0)(1—-c)(1—d)> abed.

Vasile Cartoaje, Concursul anual al rezolvitorilor GM, 2001

Solutie: (David Ghibu, Denis Nica, Radu Stoleriu, Stefan Gobej)
Avem 1 —a? —0? = ¢ + d? > 2cd si atunci (1 —a)(1 —b) —cd > (1 —a)(1 —b) —
1 — 2 12 1—q— 2

“2 vl C; O 5 0, deci (1— a)(1 — b) > ed.
Analog, (1 —¢)(1 —d) > ab. Inmultind aceste doui relatii obtinem inegalitatea din
enunt.

1
Egalitatea are loc daca si numai dacaa=b=c=d = 7

Remarca: (Titu Zvonaru)
Inegalitatea ramane adevarata si fara conditia a,b,c,d > 0:

1
Avem (1—a)(1—-0) > 3 (1—a*—b*) > 0, inegalitate care revine la (1 —a —b)% > 0.

(== ) (1= d?) = S (P4 P) (1) >

Atunci (1—a)(1=b)(1—c¢)(1—d) > 1

led| - |ab| > abed.
Egalitatea are loc atunci cand fie avem egalitate in ambele inegalitati inmultite,
fie cand una dintre ele devine inegalitatea 0 > 0. Asadar, avem egalitate cand

B~ =

a=b=c=d= 5 Precum si atunci cand trei dintre numere sunt egale cu 0 gi unul

dintre ele este 1.

Am primit solutii de la: David Ghibu, Denis Nica, Radu Stoleriu, Aida Mitroi,
Emanuel Mazare si Stefan Gobej.

Problem of the week no. 294
Positive real numbers a, b, ¢, d satisfy a® + b* + ¢ + d*> = 1. Prove that

(I1—a)(1=0)(1—-c)(1—d)> abcd.

Vasile Cartoaje

Solution: (David Ghibu, Denis Nica, Radu Stoleriu, Stefan Gobej)
We have 1—a?—b? = 2+d? > 2cd and (1—a)(1—b)—cd > (1—a)(1—b)—
(1—a—10)?

1—a® -0
— =
>0, hence (1 —a)(1 —b) > cd.



Similarly, (1 — ¢)(1 — d) > ab. Multiplying these two inequalities leads to the con-
clusion.

1
Equality holds only fora =b=c=d = 3

Remark: (Titu Zvonaru)
The inequality stays true even without the condition a, b, c,d > 0.

1
Indeed, we have (1 —a)(1—5) > 3 (1—a®—b*) > 0 reduces to (1 —a—b)? > 0. Then

(1—a*>-bv)1—-c—d*) = 1(02 +d*)(a® +b*) >

(1—a)(1=0)(1—-c)(1—d) > 1

led| - |ab| > abed.
Equality holds either when we have equality in both the inequalities we have mul-
tiplied, or when one of them reduces to 0 > 0. Thus, we have equality when

Ny

1
a =b=c=d= - but also when three of the numbers are equal to 0 and the

fourth one is 1.



