Problema saptaménii 282

Fien € N, n > 3, si a,b € (0,00) astfel incat a"™' + o™ = 2. Aritati ca:
a) a® + pn Z an—l + bn—l; b) a® + b Z an—2 + bn—?_

Alin Pop, GM. nr. 6-7-8/2021

Solutie:
a) Vom demonstra inegalitatea

(n+1)z" — (n+ Da™ ' > 2" — 1, V€ (0,2). (%)
Scriind-o pentru x = a si = b (evident, a,b < 2) si adunand inegalitatile obtinute,

rezulta inegalitatea de la a).
Inegalitatea (x) se demonstreaza astfel:

(n+a"—(n+ 2" ' =" +1=(z—-D[n+Dz" = (@"+2" " +...+1)]

(z—D[@" ' —2")+ (@ 2" DN+ @ ="+ @ ) (@ 1)) =
(x— 1) [~ 42" 2+ (2" ") @) (2" )] =
(z—1)*(—2" '+ n—D2" 2+ (n—2)2" 4+ ... + 2 +1).

Cumr <2<n-—1,avem (n — 1)z" 2 — 2" > (.
Agadar, inegalitatea (%) este demonstrata, cu egalitate daca gi numai daca = = 1.
Agadar, egalitate in inegalitatea de la a) avem pentru a = b = 1.

b) Vom demonstra inegalitatea
(n4 Da" — (n+ 1)z"2 > 22" — 2 Va,b e (0, V2). (xx)
Avem

(n+1)z"—(n+1)z" > =22" " +2 = (z—1)[(n+1)2" 2 (z+1)—2(z"+2" .. . +1)] =

n

(=D (@ =)+ Y (2" —ah)] =

k=0
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(=12 (@ ) ) @t ) 20 - =
0 k=0

(z —1)%[=22""" 4+ (n = 3)z" % + ...

Pentru n > 6 avem —2z" '+ (n—3)2" 2 > —2z" 1 4+ 32"% = 2" %(3 — 2x) > 0 cici
< {2 <3
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Pentru n = 3, inegalitatea (**) revine la —2(x—1)3(z+1) > 0, care nu este adevarata.
Vom demonstra inegalitatea de la b), in cazul n = 3, direct.

Dacd a' + b* = 2, atunci a® + b® > a + b revine la 2(a® + 0*)% > (a* + b*)(a + b)?,
deci, notand § = =, la 220 + 423 + 2 > 2% 4+ 22° + 2t + 22 + 22 + 1, deci la
20 —22° —at + 423 —2? — 20+ 1= (2 —1)*(2* — 222+ 1) > 0.

Pentru n = 4, inegalitatea (x) rezultd din bz* — 522 — 22° + 2 = (z — 1)?(—223 +
22 4+ 4x 4+ 2) > 0 cici 2° < 2 implicd 22 < 2, deci —223 + 42 > 0.

Pentru n = 5, inegalitatea (x*) rezultd din 62° — 623 — 22° + 2 = 2(z — 1)*(z +
1)(—2% + 22 + 2+ 1) > 0 caci 2% < 2 implica = < 2.

Remarca: (Denis Nica)

Inegalitatea (x) se demonstreaza usor folosind derivate (dar aceasta demonstratie
depaseste nivelul de junior).

Intr-adevir, functia f(z) = (n + 1)a™ — (n+ 1)z" ' — 2"t + 1 are derivata f'(z) =
(n+1)z"2(nx —n+1—2% = (n+1)a"%(z — 1)(n — 1 — x) care este negativa pe
(0,1) si pozitiva pe (1,2), deci functia are un minim in z = 1, minim egal cu 0.

Remarca: b) = a)
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Intradevar, b) = (a” +0")? > (a" + b")(a" 2 +b"2) > (a1 4+ b"71)2

Am primit solutii de la: David Ghibu, Emanuel Mazare si Denis Nica.

Problem of the week no. 282

Let n € N, n >3, and a,b € (0,00) such that a"™ + " = 2. Prove that:
a) a® + pn 2 an—l + bn—l; b) a® + b Z an—2 + bn—2'
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Solution:
a) We prove the inequality

(n+1)z" — (n+ Da™ ' > 2" — 1, Vo € (0,2). (%)

Writing it for x = a and x = b (clearly, a,b < 2) and adding the two inequalities, we
obtain the inequality from a).
Inequality (*) can be proven as follows:

(n+Dz"—m+ D" =" 1= -D)[n+D2" =@ +2" " +.. . +1)] =

(z—D[@" =2+ @ =" )+ @ =" D+ @ )+ (@ 1)) =
(z— 122" 42" 2 (2" 2 ") (@) (" )] =



(z—1*(=2""'+(n—12" 2+ (n—-2)2"3+.. . +2z+1).

Asx <2< n—1,wehave (n —1)z" 2 — 2" > 0.
Thus, inequality (x) is proven, with equality holding when x = 1. We conclude that
for our inequality, equality holds when a = b = 1.

b) We prove the inequality
(n41)a" — (n+ 12" 2> 22" — 2 Va,be (0, V2). (xx)
We have

(n+1)2"—(n+1)z" 2 =22""+2 = (z—1)[(n+1)2" *(a+1)=2(z"+2" ' +.. .+1)] =

n

(=D (@t —ak) + Z(a: -

k=0

n

(z =D _2*@ ™ —1 +Zfr 1)) =

k=0

n—3 n—3
x—l Z ok gkl '+xn—2)+z<xk’_‘_$k+l_i_.”_|_xn—3)_2l,n—1_xn—Q] _
k=0 k=0

(x—1?[-22" '+ (n—3)a" 2 +..].

For n > 6 we have —22"' + (n — 3)2" 2 > —2z" 1 + 32"2 = 2" %(3 — 22) > 0
because © < /2 < %

For n = 3, inequality (**) reduces to —2(z — 1)*(x + 1) > 0, which is not true. We
prove the inequality from b), in case n = 3, directly.

If a* + b* = 2, then a® + 0® > a + b reduces to 2(a® + b*)? > (a* + b*)(a + b)?, i.e.,
putting ¢ = z, it reduces to 2z° + 42° + 2 > 2% + 22° + 2! + 2° + 22 4+ 1, ie. to
2 —22° —pt 4ot — 2 — 20+ 1= (z—1)%(2* — 222+ 1) > 0.

For n = 4, inequality (*x) follows from 5x* — 5x? — 22° + 2 = (v — 1)*(—22% + 22 +
4z + 2) > 0 because x° < 2 implies 2% < 2, i.e. —22% + 4z > 0.

For n = 5, inequality (xx) follows from 62° — 62 —22° +2 = 2(x — 1)?(z + 1)(—2> +
22% + x + 1) > 0 because % < 2 implies = < 2.

Remark: b) = a)
CBS
Indeed, b) = (a™ —l—b") (@™ +b™)(a™ 2_|_bn*2) > (anfl _‘_bnfl)Q.



