Problema saptamaéanii 2778

Se considera numerele reale pozitive aq, as, ..., a,, unde n > 3, astfel incat
1 1 1
a+a+...v~a,=—+—+...+—.
ap  a Qn

Demonstrati ca
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S aia; > %

i<j
Andrei Eckstein, Leonard Giugiuc, Crux Mathematicorum, Vol.47 (6), iunie 2021

Solutia 1: Inegalitatea de demonstrat este echivalenta cu

n

n—1
S aia; - Za—k > MU S,

1<J k=1
Aceasta din urma revine, dupa inmultire cu a; - as - ... - a,, la [2,2,1,...,1,0] >
[2,1,1,...,1,1], care rezulta din inegalitatea lui Muirhead.

Solutia 2: (Marian Cucoanes, David Ghibu)
Vom folosi urmatoarea inegalitate: daca z,y,z > 0, atunci
z

y—+—+—y>x+y+z (*)

T Y
Demonstratie: Eliminand numitorii se ajunge la (zy)?+ (y2)*+(22)? > 2?yz+zy?z+
xyz? care este un caz particular al cunoscutei inegalitati a® 4+ b* + ¢ > ab + be + ca.
Revenind la inegalitatea din enunt, avem
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(n—l)iaqu Z (a; + a; +ap) = n—lZaJ (n = 1)( n_Q)z":aj:

j=1 1<i<j<k<n j=1

nn —1)<
TZ%.

J=1

Cum Z Za], obtinem inegalitatea dorita.

7j=1 ] 7j=1
Deoarece in (x) avem egalitate daca i numai daca = y = z, in inegalitatea data
avem egalitate daca a; = ay =... =a, = 1.



Solutia 3: (Radu Stoleriu, David Ghibu)
Inegalitatea de demonstrat este echivalenta cu

1<i<j<n j=1
sau

1 (< "1 nn—1) <

(S Xu) (S22 15,

i=1 G#i j=1 1 j=1
Dar a; - (Z@) (Z ) Za] +a; - Zaj Z— > Zaj (n—1)2
J#i Jj=1 J#i J#i J#i J#i

Sumand dupa ¢ € {1,2,...,n} relatiile de mai sus se obtine inegalitatea ceruta.

Am primit solutii de la: Toan Codreanu, Marian Cucoanes, Radu Stoleriu si David

Ghibu (doua solutii).

Problem of the week no. 278

Positive real numbers aq, ao, ..., a,, where n > 3, satisfy
1 1 1
a1+a2+..+an:—+—+ + —
ar a2 Qn
Prove that

i<j
Andrei Eckstein, Leonard Giugiuc, Crux Mathematicorum, Vol.47 (6), june 2021

Solution 1: The inequality to be proven is equivalent to

Zaa] Zaz n—l Zak

1<J

The latter one becomes, after multiplication by a; - as - ... - a,, the inequality
2,2,1,...,1,0] > [2,1,1,...,1,1], which follows from Muirhead.

Solution 2: (Marian Cucoanes, David Ghibu)
We use the following inequality: if z,y, z > 0, then
Yz Ty

——l———l——>x—|—y—|—z. (%)
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Proof: Clearing denominators leads to (zy)* + (y2)? + (22)? > z%yz + xy?z + 2y2?
which is a particular case of a® + b 4 ¢ > ab + be + ca.
Returning to the inequality from the statement, we have
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(n—1) Zaa+ > “z+aj+ak)=(n—1);@j+(n_l)Q(n_2);% =
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As Z Zaj, we obtain the desired inequality.

P
In (%) equality holds iff x = y = z, therefore in our inequality we have equality iff
ar=ay=...=a, = 1.

Solution 3: (Radu Stoleriu, David Ghibu)
The inequality can be written

(2 ()

1<i<j<n j=1 j=1

or
1 —1) <&
(om0 6
i=1 J#i = j=1
But a; - (Za]) (Z ) Zaﬂ +a; - Zaﬂ Z_ > Zaﬂ (n—1)2
J#i Jj=1 j#i j#i A1 aj G0

Summing after ¢ € {1,2,...,n} the inequalities above yields the inequality to be
proven.



