Problema saptamaéanii 275
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Fie n > 1 un numar intreg impar. Demonstrati ca ecuatia — + — = — are solutie
T Yy n

x,y € N* daca si numai daca n are un divizor prim de forma 4k + 3.
Concursul Kurschak, 1980

Solutie:
Fie (z,y) o solutie si d = (z,y). Atunci z = dxy, y = dy; cu (v1,11) = 1 i
4dz1y; = n(xy +yp). Cum n este impar, 4 | x1 +y;, deci x; = 4j+1, y; = 4s— 1 sau
invers. Dar x; si y; il divid pe n, deci n are un divizor de forma 4k + 3, prin urmare
si un divizor prim de aceasta forma.
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Reciproc, daca p = 45 — 1 este un divizor al lui n, atunci n = pm i —
n o nj
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]i, = — 4+ ——, deci (mj, pmj) este solutie.
pmj  mj  pmj

Am primit solutii de la: David Ghibu, Radu Stoleriu, Corneliu Manescu-Avram,
Andrei Pana, Emanuel Mazare si Stefan Gobej.

Problem of the week no. 275
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Let n > 1 be an odd integer. Prove that the equation — + — = — has solutions with
x Yy n

x, 1y positive integers if and only if n has a prime divisor of the form 4k + 3, k € N.

Kurschak Math Competition, 1980

Solution:

Let (z,y) be asolution and d = gcd(z,y). Then x = dxq, y = dy; with ged(x1,11) = 1
and 4dx1y; = n(z; +y1). As nis odd, 4 | 1 + y1, and we must have z; = 45 + 1,
y1 = 4s — 1 or the other way around. But z; and y, are divisors of n, so n has some
divisor of the form 4k + 3, therefore also a prime divisor of that form.
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Conversely, if p = 45 — 1 is a divisor of n, then n = pm and — = —‘7 _ Pt
no nj  pmj
1
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— 4+ ——, which shows that (mj, pmj) is a solution.
mj  pmj



