Problema saptamanii 258

1
Daca a, b, c > 1 satisfac + + = 1, demonstrati ca abc > 64.
a—1 b—1 c¢—1

Solutia 1: Din inegalitatea dintre media geometrica si cea armonica avem
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prin urmare este suficient sa demonstram ca — + E + - < 4_1
a c

Inspirati de conditia din enunt si de cazul de egalitate a = b = ¢ = 4, cautam sa
demonstram o inegalitate de forma
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care sa fie satisfacuta cu egalitate pentru x = 4. Inegalitatea precedenta revine la
r—1<mzx+nx(r—1),decilanz?+ (m—n—1)z+1> 0. Stim ci trebuie si avem
egalitate pentru x = 4 gi ca factorul (x — 4) trebuie sa apara la putere para (altfel
expresia isi schimba semnul in o = 4), deci trebuie s avem nz? +(m—n—1)z+1 =
n(z —4)% cun > 0. Identificind coeficientii gdsim 16n =1si —8n =m —n — 1, de
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unde n = 6 apoi m = 6 Astfel, am dedus si am demonstrat ca
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Ve >1,

cu egalitate daca gi numai daca x = 4.

Scriind aceasta inegalitate pentru a, b, ¢, adunand si tinand seama de conditia
1 1

1
+ 7= 1 se obtine

1+1+1<9 1 N 1 N 1 +3_9+3_3
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Egalitatea are loc daca si numai daca a = b = ¢ = 4.

Solutia 2: (Elisa Ipate, David Ghibu)
o . . I 1 1 .-
Notama—1=xz,b—1=y, c—1=z. Atunci z,y, z > 0 satisfac —+—+— = 1, adica
x Yy =z

ry+yz+zr = xyz, iar inegalitatea de demonstrat revine la (z+1)(y+1)(z+1) > 64.
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Din inegalitatea mediilor, 1 = —+—+4+— > 3¢/ —, de unde xyz > 27 si xy+yz+zx =
x Yy 2z Tyz

xyz = 27.



In plus, (z +y + 2)> > 3(zy + yz + zz) = 81 implici = + y + z > 9, deci
(+Dy+D)(z+1)=zyz+ay+yz+ze+ax+y+2z+1>27+27+9+1 = 64.

Solutia 3: (Lucian Maran)

1 ; : .
= : si obtinem enuntul echivalent:

Facem substitutiile z = Y= 2
? * a 1'y b—-1° c

sy z=0etyte=1= (l+%)(1—l)(l—})_64

Vom demonstra aceasta noua inegalitate:

(1 - é)(l " é) (1+ %) Hug,ri;ens' (]_ _\‘% . é . 2)3 hm_/:gm (1 " I_izr_z)S L (1 o §)3 .

(*) Inegalitatea lui Huygens: (1 +a1)(1+ag)...(1 +an) = (1 + Ja1az...an)",a; = 0.

Solutia 4: (David Ghibu, Darius Chitu, Tashi Diaconescu, Titu Zvonaru)

e o1 o 1 _ 1 ,oo_ztl, _ytl _atl
Solutie: Notam TE YT ST oo Rezulta a= . ,b— ” ,C= e

si trebuie sa demonstram cd daca x,y,z>0cux+y+z =1, atunci (x + 1)(y + 1)(z + 1)>= 64xyz.

Folosind inegalitatea mediilor obtinem

(1+2)(1+y) (142) = (eratyta) wytyto) wtytats) 2440w 44n's - 4t = bl

Egalitate daca si numai daca x =y =z = 1/3, adica daca sinumaidacdaa=b=c = 4.

Am primit solutii de la: Elisa Ipate, David Ghibu (doua solutii), Ovidiu Lazar, Darius
Chitu, Lucian Maran, Tashi Diaconescu, Marius Valentin Dragoi, Emanuel Mazare,
Stefan Gobej (doua solutii) si Titu Zvonaru.

Problem of the week no. 258
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If a,b,c > 1 satisfy + + = 1, prove that abc > 64.
a—1 b—-1 c—1

Solution 1: From the inequality between the geometric and the harmonic means,
we have
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therefore it is sufficient to prove that p + 7 + p < T
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Inspired by the given condition and by the equality case a = b = ¢ = 4, we intend to
prove an inequality of the form
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with convenient m and n, to be determined, an inequality that is satisfied with
equality when = 4. The previous inequality reduces to z — 1 < mz + nx(z — 1),
ie. tonz?+ (m—n—1)z+1>0. We know we must have equality for z = 4 and
also that the factor (z —4) must occur at an even exponent, otherwise the expression
would change sign at x = 4. Thus, we must have nz? + (m —n—1)x+1 = n(z —4)?,
cu n > 0. Identifying the coefficients leads to 16n = 1 and -8 = m —n — 1, i.e.
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n = 6 and then m = 6 In conclusion, we have found and proven the inequality
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with equality holding only for x = 4.

Writing this inequality for a, b, ¢ instead of x, adding them together and taking into
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consideration the condition + + =1 leads to
a—1 b—1 ¢—1
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Equality holds if and only if a = b = ¢ = 4.
Solution 2: (Elisa Ipate)
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Puta—1=2,b—1=y,c—1= 2 Then z,y,z > 0 satisfy — 4+ — 4+ — =1, i.e.
x Yy oz

ry+yz+zx = xyz, and the inequality to be proven becomes (z+1)(y+1)(z+1) > 64.
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From the AM-GM inequality. 1 = — 4+ — + = > 3¢/——, hence zyz > 27 and
r Yy oz V zyz

xy +yz + zx = xyz = 27.
Moreover, (z +y + 2)* > 3(xy + yz + zx) = 81 leads to z + y + 2z > 9, and thus
(+Dy+D(z+1)=asyz+ay+yz+ze+aor+y+2z+1>27+27+9+1=64.



