Problema saptamaéanii 255

: : - . . m?>+n . n’+m .
Determinati toate numerele intregi m si n pentru care 5 $1— sunt simul-
n—m - m‘—n

tan numere intregi.
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Solutie:

e Daca m = 0 rezultd imediat ca n | 1, adicd n € {—1,1}. Se verifica imediat
& (—1,0) si (1,0) sunt solutii. Analog, (0,—1) i (0,1) sunt solutii. In continuare
presupunem n, m € Z*. Fara a restrange generalitatea, putem presupune m > n.

e Daci m —n > 1 atunci (m? —n) — (n®> +m) = (m+n)(m —n — 1) si avem trei
subcazuri:

2

g . o n°+m
1. daca m +n > 0, atunci m?> —n >n?2+m >n+m > 0 astfel ca 0 < 5 <1,

m2—n
2
. NS 4+m e
deci — ¢ 7., contradictie;
m2—n

2. daca m +n = 0, adica m = —n, obtinem perechile de forma (m, —m) cu m > 2;

3. daca m +n < 0 atunci n < m < —n implica m?> < n? deci n> —m >
m?—m=m(m—1)>0. Cum (n2—m)— (m*>+n)=n—-m—1)(m+n)>0si
(n2=m)+(m?+n) =n(n+1)+m(m—1) > 0 (e ugor de vizut cd ultima inegalitate

m? +n m
este strictal), avem ca —1 < i < 1. Atunci € Z revine la m? + n = 0.
n?—m n?—m
Apoi, n = —m? conduce la m | 1 dar asta contrazice fie m +n < 0, fie m —n > 1.
e Daca m = n, se ajunge lam —1 | m+ 1, adica m — 1| 2, deci lam € {—1,0,2,3}.
Gasim solutiile m=n=—-1,m=n=2gim=n= 3.
2 2
. s . 3n+1 . n“+n+1
e Dacam —n =1, adicam=n+1, trebulecan—'——n €7Zsi nonT o e 7.
n2—n-—1 n?+n+1

A doua conditie este mereu indeplinitd. Prima revine la n?> —n — 1 | 4n + 2. Cum
n? —n — 1 este impar, deducem cd n> —n — 1| 2n + 1, deci n?> —n — 1 < |2n + 1].
Daca 2n+1 < 0 se ajunge la n(n+1) <0, deci lan = —1, m = 0. Daca 2n+1 > 0,
rezultd n? — 3n — 2 < 0, adicd (n — 1)(n — 2) < 4. Gasim n € {0,1,2,3}. Convin
n =1gi n =2, obtinand solutiile n =1, m=2gin=2 m = 3.

Cazul n > m se trateaza analog.

In concluzie, perechile care satisfac conditiile din enunt, sunt:

(1,0), (=1,0), (0,1), (0,=1), (k,—k), cu |k] > 1, (—1,-1), (2,2), (3,3), (1,2), (2,3),
(2,1) si (3,2).

Am primit solutii complete de la: David Ghibu, Stefan Gobej si Emanuel Mazare.
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. . m°+n n°+m .
Determine all integers m and n such that both and are integers.

n?—m m?2 —n
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Solution:

e If m = 0 it immediately follows that n | 1, i.e. n € {—1,1}. It is easy to check that
(—1,0) and (1, 0) are indeed solutions. Similarly, (0, —1) and (0, 1) are also solutions.
Next, we assume n,m € Z*. Without loss of generality, we may consider m > n.

e If m —n > 1 then (m* —n) — (n* + m) = (m+n)(m —n — 1) and we have three
sub-cases:

2
. . n-+m
1. if m4n > 0, then m2—n > n?+m > n+m > 0 which means that 0 < 5 <1,
m2—n
2
n°+m .
hence ¢ 7, contradiction;
2. if m+n =0, ie. m = —n, we obtain the pairs (m,—m) with m > 2;

2 2

3. if m+n < 0thenn < m < —n leads to m?> < n? and to n> —m >
m>—m=m(m—1)>0. As(n?—m)—(m*+n)=mn—-—m—-1)(m+mn) >0
and (n®> —m)+ (m?> +n) = n(n+ 1) + m(m — 1) > 0 (it is easy to see why the

m?+n m?+n
last inequality is strict!), we have —1 < — < 1. Thus, — € 7Z reduces
nz—m n%—m
to m? +n = 0. Next, n = —m? leads to m | 1 contradicting either m +n < 0, or
m—mn > 1.
elfm=mn,thenm—1|m+1,ie m—1]2 leading to m € {—1,0,2,3}. We
obtain the solutions m=n= -1, m=n=2and m =n = 3.
n?+3n+1 n?+n+1
elfm—n=1,ie. m=n+ 1, we must have Aot € 7Z and nndt 2
2-n-1 n?+n+1

The second condition is always fulfilled. The first one reduces to n?~n—1 | 4n+2. As
n?—n—1is odd, we deduce that n>—n—1 | 2n+1, so, necessarily, n?—n—1 < [2n+1].
f2n+1<0wegettonn+1) <0,ie. n=—-1, m=0. If 2n+1 > 0, then
n?—3n—2<0,ie (n—1)(n—2)<4. It follows that n € {0,1,2,3}. Only n =1
and n = 2 do lead to solutions, namely ton =1, m =2 and n =2, m = 3.

The case n > m is similar.

In conclusion, the pairs that satisfy the conditions in the statement are:

(1,0), (—1,0), (0,1), (0,—1), (k,—k), with |k| > 1, (—1,-1), (2,2), (3,3), (1,2),
(2,3), (2,1) and (3,2).



