Problema saptamanii 250

Fie ay, as, . .., a, numere reale pozitive gi
. 1 1 1 1
m=min<a+—, g+ —, ..., Qp_1+—, Qp + — ¢ .
Qg as Qn a1
1

Demonstrati cd ¥Yaias---a, + —— > m.
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Solutie: Fie g = Yaias---ay,.

Vom numi numarul a; mic daca a; < g, respectiv mare daca a > g. (Numerele
egale cu g le consideram si mici gi mari.) Evident, trebuie sa existe si numere mici
gi numere mari. (Daca, de exemplu, ar exista numai numere mici, adica a; < g,
V k, atunci si media lor geometrica ar fi mai mica decat g, absurd.) Vizualizand nu-

merele ay, as,...,a,, In aceasta ordine, pe un cerc, va exista un numar mic urmat
imediat de unul mare, adica va existaun k € {1,2,...,n} astfel incat a;, < g < ags1
(consideram a,,1 = a1 daca este cazul).

1
Atunci g + — > ap + —— > m, de unde concluzia.

g Ak+1

Remarca: Se poate arata analog ca egalitatea are loc daca si numai daca numerele
sunt egale. Partea de ,,daca” este evidenta. Daca nu sunt toate numerele egale,
atunci trebuie sa existe a; > ¢ si a; < g. Punand numerele pe cerc, va exista un

1
indice k astfel incat a, < g < agyq §i atunci g+ — > ag + > m.
g

Q41

Problema este oarecum asemanatoare cu problema 1 de la barajul 1 de juniori din
acest an.

Am primit solutii de la: Emanuel Mazare, Stefan Gobej si Radu Stoleriu.

Problem of the week no. 250

Let aq,ao, ..., a, be positive real numbers and let
) 1 1 1 1
m=min<a; +—, do+—, ..., Qp_1+—, Ay + — ¢ .
a2 as Qp, (3]
1

Prove that ¥ajay---a, + —— > m.
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Solution: Put g = Yajas---a,.

We call ap small if a,, < g, and large if a;, > g. (Numbers equal to g are both
small and large.) Clearly, there must be both small numbers and large numbers.
(If there there are only small numbers, i.e. a; < g, ¥k, then their geometric mean
would also be less than g, which is absurd.) Writing the numbers aq, as, .. ., a,,
in this order, on a circle, one can find a small number immediately followed by a
large number, i.e. thereisa k € {1,2,...,n} such that a5, < g < agy1 (we consider
Apt+1 = CL1>.

1 1 . :
Then g + — > ax + —— > m, which proves the conclusion.

g Ak+1
Remark: One can prove similarly that equality holds if and only if the numbers
are all equal. The ”if” part is clear. If the numbers are not all equal, there must be
an a; > g and also an a; < g. Thus, there is an index k such that a; < g < a1,

1
hence g + — > aj, + > m.
g

Q41



