Problema saptamaéanii 243

Pentru ce numere naturale nenule n exista £ € N astfel incat suma cifrelor lui k sa
fie n, iar suma cifrelor lui k? sa fie n??

Solutie: Vom demonstra ca proprietatea are loc pentru orice numar natural n.
Daca alegem k£ = 10** + 102 4 ... 4+ 10%*, unde a1 < as < ... < a, sunt numere
naturale, atunci scrierea in baza 10 a numarului k£ contine exact n cifre de 1, restul
cifrelor fiind 0. Atunci suma cifrelor lui £k este n.

In continuare, vom arata ca putem alege numerele a; astfel incat scrierea in baza

-1
10 a numarului k2 sa contind exact n cifre de 1 si nln—1)
fiilnd 0. Astfel, suma cifrelor lui k% va fi n + n(n — 1) = n?.
Avem k? = (107 +10% 4 .. +10%)2 = 102 4 10%2 4. 41027 42 >~ 10%*%.

1<i<j<n
Daca toti exponentii lui 10 sunt distincti, numarul obtinut are intr-adevar n cifre

cifre de 2, restul cifrelor

n(n —1
de 1 si % cifre de 2.

Pentru a ne asigura de acest lucru, putem considera, de exemplu, a; = 27. Atunci
exponentii 2ay, 2as, .. ., 2a, sunt puteri distincte ale lui 2, iar exponentii a; + a;
sunt sume de puteri diferite ale lui 2, distincte doua cate doua intre ele si distincte
si de exponentii de forma 2a; datorita unicitatii scrierii in baza 2.

Am primit solutii corecte de la: Emanuel Mazare, Radu Serban si Ana Duguleanu.

Problem of the week no. 243

For which positive integers n does there exist a positive integer k such that the
sum of the digits of k is n, while the sum of the digits of k2 is n??

Solution: We prove that all positive integers n satisfy the condition.

If we choose k = 10 + 10" + ... + 10%, where a; < as < ... < a, are positive
integers, then sthe base 10 representation of k has exactly n that are 1, while all
the other digits are 0. Thus, the digit sum of k is n.

In the sequel, we shall choose the integers a; such that the base 10 representation of

(n—-1)
2

n
the number k? contains exactly n digits equal to 1 and digits equal to 2,

all the remaining digits being 0. Thus, the digit sum of k* will be n+n(n—1) = n?.
We have k2 = (10 +10°2 4. .. +10%)2 = 109141022+ +10%+2 >~ 10%*%.

1<i<j<n

-1
If all the exponents of 10 are distinct, then k? has indeed n digits of 1 and %

digits of 2.
In order to insure distinct exponents, one can take, for example, a; = 2/. In



this case, the exponents 2aq, 2as, . . ., 2a,, are distinct powers of 2, while exponents
a;+a; are sums of two distinct powers of 2, thus different from those of the form 2a;

and also distinct two by two because of the uniqueness of the base 2 representation
of a number.



