Problema saptamanii 238
Aratati ca daca a,b,c > 0 si abc > 1, atunci

1 1 1
<1
1+b—|—c+1+c+a+1+a+b_

Solutia 1: Eliminand numitorii se ajunge la 2(a + b + ¢) < ab(a + b) + be(b +
¢) + ca(c + a), adicd (a + b+ ¢)(ab+ bc+ca —2) > 3. Ori a+ b+ ¢ > 3vabc
si ab+be4ca—2 > 3va2b2c2—2 > 3—2 = 1. Egalitatea are loc dacia = b = c = 1.

Solu’gia 2: Fie x,y,z > 0 astfel incat a = 2%, b = 3?, ¢ = 2. Folosim inegalitatea
3+ y? > zy(x + y) care revine la (z — y)(2? — ) 0, 1negahtate adevarata,
satisfacuta cu egalitate daca x = y. Atunci
1 n 1 n 1 <
T+ad+y? 14y 423 1+234+2%
1 L 1 n 1 <
l+ay(r+y) 1+yziy+z2) 1+zz(z+z)
R SR
1+x+y 1+y+z 1+x+z
z x y

z T Y
+ +
r+y+z r+y+z x+y+z

In inegalitatea din enunt avem egalitate daca * = y = z si xyz = 1, deci pentru
a=b=c=1.

Solutia 3: (Ana Duguleanu)
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Vab + vVbe + y/ca > 3 si rezultd din inegalitatea mediilor si conditia abe > 1.

< 1. Ultima inegalitate revine la
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Problem of the week no. 238

Positive real numbers a, b, ¢ satisfy abc > 1. Prove that
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Solution 1: After some computations, the inequality reduces to 2(a + b+ ¢) <
ab(a 4+ b) + be(b + ¢) + calc + a), i.e. (a+ b+ c)(ab+ be + ca —2) > 3. But

a+b+c > 3vabe and ab+be+ca —2 > 3va2b?c2 —2 > 3 — 2 = 1. Equality holds
fa=b=c=1.

Solution 2: Let z,y, z > 0 such that a = 22, b = >, ¢ = 23. We use the inequality

3 +y® > zy(x + y), which can be written as (xr — y)(z* — y?) > 0. This is true
because the two factors have the same sign. Equality holds if x = y. Then
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In the given inequality, equality holds if x = y = z and zyz = 1, i.e. for
a=b=c=1.

Solution 3: (Ana Duguleanu)
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Vab + vVbe 4+ \/ca > 3 and follows from the AM-GM inequality and from the
condition abc > 1.

+ w




