Problema saptamaéanii 226
1

5 (z+y+2)°

Fie z,y,2 > 0. Demonstrati cd z*(y+ 2) + y*(z + ) + 2 (z +y) <

Cand are loc egalitatea?
Solutia 1: (Francesca Balaur)
Notam p=x+4+y+ 2, ¢ = xy + yz + zx si r = zyz. Inegalitatea fiind omogena,

1
putem presupune z+y+2z = 1. Din inegalitatea mediilor, 0 < r < 57 Inegalitatea

1
din enunt se scrie succesiv 2% (zy + x2) + y3(yx + 22) + 2% (22 4+ 2y) < L 23(q —
1
< 13 4@ F P+ ) —r(@t £yt 42 <

q(3zyz+(z+y+z)(@®+y*+ 22 —vy—yz—22)) —r((z+y+2)?—2(zy+yz+2z)) <

yz) + y*(q — zx) + 2%(q — zy)
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1 1
qBr+1—3q) —r(1 —2q) < D si, In fine, r(5¢ — 1) + q(1 — 3¢) < 3

1 1
e Daca g < = atunci r(5¢ — 1) < 0 si ¢(1 — 3q) < TR (6¢ — 1)* > 0, deci, prin

1
adunare, r(5g — 1) + ¢(1 — 3¢q) < —

- 12
Egalitatea are loc daca r = 0 gi ¢ = 5’ deci una din variabile este 0, iar celelalte
1 3—V3 3+V3
doua au suma 1 si produsul 6 Se obtin tripletele {z,y, 2} = {0, 6\/_’ +6\/_ }

Renuntand la restrictia z+y+ 2z = 1, conchidem ca avem egalitate daca {z,y, z} =

{0, 3_6\/§-a, 3+6\/§-04},cua20.

1 1
e Daci ¢ > 5 notdm f(q) = r(5¢ — 1) + q(1 — 3¢) si ardtam ca f(q) < f (5) =
2 1 1

%% < oL (De fapt, pentru orice r < 5z, f este descrescatoare pe [%, 00).)

e 10 £ (D)= (1= ) (130 L 5) = (- ) (2o aor) <

1 2 2 1 1
deoareceq—g>0§ig—3q+5r<g_3.g+5.ﬁ<0.

Asgadar, inegalitatea are loc si in acest caz, fara egalitate. Inegalitatea este astfel
demonstrata in ambele cazuri, cu egalitate pentru

3—vV3 3 3
{%?JJ}:{O, 6\/_.0[’ +6\/_-oz},cua20.




Solutia 2: (cu mixing variables)
Inegalitatea fiind simetrica, putem presupune x <y < z.
Notand E(z,y, z) = 2*(y + 2) + y*(z + 2) + 24 (z + ), ardtam ci

1) @ 1 .
E(l’,y,Z) < E(O,I—l-y,Z) < E(x—i_y—'_z) :

Inegalitatea (1) este echivalentd cu z(y + 2) + y*(z + z) + 24z +y) < 0*(x +y +
2)+ (x+y)Hz +0)2+ 24z +y +0), adica 2*(y + 2) + y*(z + 2) < (z +y)*z, sau
vy +yte < 4adyz+62%y% 2 +4ay32, inegalitate evident adevirata daci oz <y < 2.
Egalitatea in (1) are loc daca si numai daca z = 0.

(t+2)°

12

t A
— = u, 12u* + 12u < (u+ 1)5. Impartind cu u + 1 > 0, inegalitatea revine la
2

12(u® —u? +u) < (u+ 1) adicd u* — 8u + 18u? — 8u+ 1 > 0. Aceastd inegalitate
se scrie (u? — 4u + 1) > 0, evident adevarata, cu egalitate daca u? — 4u + 1 = 0,
adicd u = 2 + /3.

Inegalitatea este astfel demonstrata. Egalitatea are loc daca z = 0 si vy _
z
24 /3, adicd daci {z,y, 2} = {O, (2+/3)8, B}, cu 8 > 0 (si permutarile acestor
triplete). (Nu am mai scris si tripletele de forma (0, (2 — v/3)8, 3) pentru ci per-
mutand y si 2, ele sunt (0, 8, (2—+/3)8) = (0, (2++3)3', 3), cu ' = (2—3)5,

adica de fapt de obtin din permutarea celorlalte triplete.)

Notand z + y = t, inegalitatea (2) revine la t'z + 24 <

sau, notand

Solutia 3: (Titu Zvonaru)

Inegalitatea de demonstrat este simetrica si omogena de gradul 5, prin urmare este
suficient sa o demonstram pentru z = 0 si pentru y = z.

Pentru z = 0 inegalitatea se scrie (x + y)%(z? — 4zy + y?)* > 0. Avem egalitate
pentru triplete de forma ((2 + \/§)k, k, O), cu k > 0, si permutarile acestora.
Pentru y = z inegalitatea se scrie (2% —7xy—5y?)>+23y>+1022y3+312y* +8y° > 0.
Egalitate avem numai daca z =y =z = 0.

Solutia 4: (Marian Cucoanes)

Se verifica prin calcul direct urmatoarele doua egalitati:

(z+y+2)° =120y + 2z +y'e+y'z+ 2o+ 2%) = (e +y+2) (@ +y* + 27 -
4oy — drvz — dyz)? + 12xyz(2® + y? + 2% — 3zy — 3wz — 3y2) (1)

si

(x+y+2)° — 12(zty + 2tz + ylo + vz + 22 + 2Yy) =
(z+y+2)(zy+rz+yz)?+ (@ +y+2)(3zy + 3wz + 3yz — 22 —y? — 22)* +
2(3zy+ 3wz +3yz —a? —y? = 2)[x(y — 2)* +y(z — 2)* + z(x —y)* + 3zyz].  (2)
Distingem doua cazuri:

e Dacd 3zy + 3z2 + 3yz — 2% — y* — 22 > 0, atunci din (2) rezultd inegalitatea din
enunt,. In acest caz nu avem egalitate.

e Daca 3xy +3x2 + 3yz — 2% —y? — 22 < 0, atunci inegalitatea din enunt, rezulta din
(1). In acest caz avem egalitate daca zyz = 0 si 22+ y? + 22 — 4oy — 4wz —dyz = 0



adica atunci cand x = 0 si y = (2 £ v/3)2 si analoagele.

Am mai primit solutii corecte de la: Ana Duguleanu (cu inegalitatea Hardy-
Littlewood-Pdlya) si Stefan Gobej (mixing variables).

Problem of the week no. 226
1

Let x,y,2 > 0. Prove that 2*(y + 2) + v*(z + z) + 2*(z + y) < 3

When does equality hold?

(z+y+2)°.

Solution 1: (cu mixing variables)
The inequality is symmetric, therefore we may assume that z <y < z.
Putting E(z,y, z) = 2*(y + 2) + y*(z + 2) + 2*(x + y), we prove that

O] 2 1

E(x,y,z) < E(O,J]—i—y,Z) < E (x+y—|—z)5
Inequality (1) is equivalent to z*(y + 2) + y*(z + x) + 24z +y) < 04z +y +
2D+ (x+y)tz+02+ 2z +y+0), ie 2*(y+2)+yt(z+2) < (z+y)z or
oty + ytr < 4x3yz + 62%y%2 + 4292, which is clearly true if < y < 2. Equality
(1) holds if and only if x = 0.
(t+2)°

12

t
- = u, 12u* + 12u < (u + 1)°. Dividing by v + 1 > 0, the inequality reduces
2

to 12(u® —u? +u) < (u+1)4 ie. ut —8u® + 18u? — 8u+1 > 0. The last inequal-
ity can be written (u? — 4u + 1)* > 0, which is true, with equality if and only if
W —4du+1=0,ie u=2++3.

The inequality is thus proven. Equality holds when z = 0 and Y_94 V3, i.e. for
z

{z,y,2} = {0, (24 V3)8, /B}, with § > 0 (and the permutations of these triples).
(By swapping y and z, the triples (0, (2 — v/3)3, 3) become (0, 3, (2 — v/3)3) =
(0, 2+ +3)8, ), with §' = (2 — /3)8, therefore the triples (0, (2 — v/3)8, 5)
are in fact permutations of (0, (2 ++v/3)8, 3).)

Putting = + y = t, inequality (2) becomes t'z + 2z < or, denoting

Solution 2: (Titu Zvonaru)

The inequality to be proven is symmetric and homogeneous of degree 5, therefore
it is sufficient to prove it for z = 0 and for y = 2.

For z = 0 the inequality can be written (z + y)*(2? — 4zy + y*)* > 0.

Equality holds for triples ((2 + 3k, k, 0), with £ > 0, and their permutations.
For y = 2 the inequality can be written x(z? — 7oy — 5y?)? + 23y + 1022%y> +
31zy* + 8y° > 0. In this case, equality holds only when 2z =y = z = 0.



Solution 3: (Marian Cucoanes)

The following two identities are easy to check:

(r+y+2)° 120y +a'z+y'e+y'z+ 2o+ YY) = (e +y+ 2)(0° +y* + 2% —
day — dxz — dyz)? + 12zyz(x® + % + 2% — 3wy — 3v2 — 3y2) (1)

gi

(x+y+2)° — 12(z%y + 2tz + vz + yiz + 212 + 21y) =
(z+y+2)(zy+rz+yz)*+ (@ +y+2)3zy + 3xz + 3yz — 22 —y? — 22)* +
2(3zy +3zz +3yz — 2® —y* — 22)[z(y — 2)? +y(r — 2)* + 2(z — y)? + 3zyz]. (2)
We distinguish two cases:

o If 3zy + 3wz + 3yz — 22 — y* — 22 > 0, from (2) follows the requested inequality.
There is no equality in this case.

o If 3wy + 32z + 3yz — 2% — y? — 22 < 0, the inequality follows from identity (1).
In this case, equality holds if xyz = 0 and 22 + y? + 22 — 4oy — 4oz — dyz = 0 i.e.
when 2 = 0 and y = (2 4 v/3)z and analogues.



