Problema saptamaéanii 219
Numerele naturale nenule a, b, ¢, d satisfac relatia ad = b* 4 bc + ¢*. Aratati ca
numarul a? + b% + ¢® + d? este compus.
Concursul Arany Ddniel, 2020
SOLUTIE (Mihai Miculita): Avem: ad =b* +bc+c¢” < ad —bc—b* —¢* =0=
Sa+b ++d =a’ +b + ¢ +d +2-(ad —be-b* ~c* ) =(a’ +2ad +d* ) - (b +2bc + 7 ) =
=(a+d) —(b+c) =(a-b-c+d)a+b+c+d) =

Sl +h +E+d> =(a—b-c+d)a+brc+d)| (1)

Tinand acum seama de relatia (1), faptul cd numirul: a” +5b” +c” +d’ —nu este prim, revine la a
ardta ci nu existd numere: a,b,c,d € N', care satisfac conditia: ad =b”> +bc+c* si
a-b—c+d=1.
. . . . a-b-c+d=1
Sa presupunem, prin absurd ca: (El)a,b,c,d e N, pentru care avem: s R
ad =b" +bc+c".
Daci: a—b—c+d =1, atunci relatia (1) devine: a> +b*+c* +d* =a+b+c+d. (2)
Insd, dacid x € N" = x? > x, egalitatea avand loc doar dacd: x =1. Asa ci, relatia (2) are loc doar
ad =1

daca: a=b=c=d=1=
b +bc+c? =3

}:ad #b>+bc+c’.m

Am primit solutii de la: David Ghibu, Cezara Danciu, Emanuel Mazare, Radu
Serban, Francesca Balaur, Elisa Ipate, Radu Stoleriu, Carol Luca Gasan, Ana
Duguleanu, Andrei Pana, Stefan Gobej, Adrian Zanca st Ana Boiangiu.

Problem of the week no. 219

Positive integers a, b, c, d satisfy ad = b* + bc + ¢*. Prove that a® + b> + ¢ + d? is
a composite number.
Arany Ddniel Contest, 2020

Solution: We have a? 4+ b* + > + d? = (a+d)* — 2ad + V* + ¢* = (a+d)* — 2(b* +
be+c)+ b2+t =(a+d?*—(b+c) =(a+b+c+d)(a+d—b—c), soall we
need to prove is that a +b+ ¢+ d > 1 (which is clear) and a +d — b — ¢ > 1.
As a? 4+ 0? +c +d? and a+ b+ ¢+ d are positive, so is a +d — b — c¢. Assuming
a+d—b—c=1,wewould have a> + 0> + 2 +d* =a+b+c+d. Asn?>n for
all positive integer n, with equality only when n = 1, the last equality only occurs
when a =b=c=d=1,in whichcasea+d—-b—c# 1. Thus,a+d—b—c>1,
and a? + b + ¢ + d? is composite.



