ASUPRA UNEI IDENTITATI
de Marian Dinca

Fie T —punctul lui TORICELLI al unui triunghi oarecare ABC, adica punctul avand

proprietatea, ci: £KBTC = XCTA= £ATB =120". Ne propunem si calculim suma:
|TA|+|TB|+|TC| in functie de elementele triunghiului 4BC.

Notand cu x:=|TA|, y=|TB| sicu z:=TC|, avem:
a’=y"+z"-2yzcos120° =y’ + 2> + yz
b’ =x"+2"+xz :>a2+b2+02=2(x2+y2+22)+xy+yz+zx=

A =x"+y" +xy

=2(x+y+z)2—3(xy+yz+zx)=2(x+y+z)2—3-(SATB+SBTC+SATC)-%
2 2 2
=2(x+y+z)2—4\/§-SATB:>(x+y+z)2=a b +02+4\/§ S:
4R®-(sin® A+sin® B+sin® C)+2v/3R - (sin24+sin 2B +5in 2C)
- 2
4R2.(l—c;s2A+l—c<2)s2B+1—cos2C

j+2J§R2 (sin24+sin 2B +sin 2C)

: _
=R? _x/g(sin 2A4+sin 2B +sin2C) —cos 24 —cos 2B —cos 2C+3} =

=R’ [ctg30° (sin2A4+sin2B+sin2C)—cos 24— cos 2B —cos 2C + 3} =

i Z (sin 2A4co0s30° —sin30° cos 2A)
e +3|=R’ {22 sin(2A—30°)+3} =

sin30°

ciclic

= (TA+TB+TC)’ = R? [22 sin(2A—30°)+3}. *)

ciclic



Demonstram identitatea: | PA|+| PC|+| PE|=| PB|+| PD|+| PF |, notand cu:
X= 1/473,)/:: BC,z:=CD,t:= DE,u=EF sicu: v::a:x+t:y+u =z+v=120°
si tinand acum seama de relatia (*), este sufficient sa observam ca:
sin(24AEC—30) +sin(2&CAE —30) + sin(24ACE—30) =
=sin(2£FBD—30)+sin(2£BDF —30)+sin(2£DFB -30),
sau
sin(x+y—30)+sin(z+7-30)+sin(u +w-30) =sin (¢ +u—30)+sin(x + w—30)+sin(y +z - 30)
identiate ce rezultd imediat, deoarece unghiurile sunt suplementare doua cate doua:
(x+y—30)+(t+u—30):(x+t)+(y+y)—60=240—60=180
(z+1-30)+(x+w=30)=(x+1)+(z+w)—60=240-60 =180
(u+w—30)+(y+z—30)=(y+u)+(z+w)—60:240—60:180
Cu aceasta, demonstratia este incheiata.



