Problema saptamanii 206

1
Aratati ca daca a,b,c > 0 verifica — + 7 + — = 3, atunci
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Olimpiada Tuymaada, 2014

Solutia 1:
Avem a®> +1 > a* + a, Va > 0 (revine la (a + 1)(a — 1)* > 0, cu egalitate numai
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Adunand cu analoagele obtinem \/a3 1 + \/b3 1 + \/03 1 < 7
cu egalitate daca si numai daca a =b=c=1.

Solutia 2: (Ana Duguleanu)
Folosind inegalitatea Cauchy-Buniakowsky-Schwarz, avem
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Din inegalitatea dintre media aritmetica si cea patratica,
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— 4+ —+—=<4/3| -+ 7 + — ) = 3, de unde rezulta inegalitatea din enunt.
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Solutia 3: (user rightways pe AoPS)
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care, prin adunare cu analoagele, implica inegalitatea dorita.
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Am primit solutii de la: Marin Hristov (mixing variables), David Ghibu, Albert
Romaniuc, Carol Luca Gasan si Radu Serban.
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If a,b,c > 0 satisfy — + 7 + — = 3, prove that
a c

\/1+\/1+\/1<3
ad+1 b3+ 1 A+17 V2

Tuymaada Olympiad, 2014

Solution 1:
We have a® +1 > a®> +a Va > 0 (it reduces to (a + 1)(a — 1)? > 0, with equality
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Adding this with its analogues yields \/a3 1 + \/b3 1 + \/03 1 < ok with

equality if and only if a =b=c=1.

Solution 2: (Ana Duguleanu)
Using Cauchy-Buniakowsky-Schwarz, we have
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From the inequality between the arithmetic and quadratic means we get
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% + % + % < \/ 3 (5 + 7 + E) = 3, which leads to the desired inequality.
Solution 3: (user rightways on AoPS)
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added to its analogues, leads to the inequality to be proven.
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