Problema saptaménii 202
Fie n > 2 un numar natural. Determinati numerele reale x+ > —1 pentru care
inegalitatea

a,+x as+x an+x<a1a2...an+x
2 2 o 2 2
are loc pentru orice aq,as,...,a, > 1.
Solutie:
In particular, inegalitatea trebuie sa fie verificata in cazul a; = as = ... =a, = 1.

Obtinem

1 o1
( +nx) < +x7 adicd 1+ <2, deci z < 1. Deducem ca = € [—1,1].

Demonstram acum ca pentru orice z € [—1, 1] are loc inegalitatea din enunt. Vom
demonstra inegalitatea prin inductie dupa n.
Pentrun = 2: fiea; > 1, as > 1. Atunci

ajaa+r  a+x ax+r 2a1a9 + 2T — a1a9 — AT — AxT — T2
2 2 2 4
(al—x)(ag—x)+2x—2x2>(1—x)2+2x—2x2 1—a?
4 - 4 4 7
deci inegalitatea este adevarata pentru n = 2.
Presupunand inegalitatea adevarata pentru n — 1 numere, sa o demonstram pentru

n. Daca aq,as,...,a, > 1, atunci a; -as - ... - a,_1 > 1, deci
a1+ Up_1+x ap+z P("<*1) a103...0p_ 1+ 2T ap, +x Pg) a1as...ay + T
2 2 2 - 2 2 - 2

In concluzie, raspunsul este z € [—1, 1].

Am primit solutii de la David Andrei Anghel, Radu Serban, Marin Hristov, Ana
Duguleanu, Selim Cadir si Robert Gidea.

Problem of the week no. 202
Let n > 2 be an integer. Find all real numbers x > —1 such that the following
inequality holds

a+x as+x an+x<a1a2...an+x
2 2 o 2 = 2
for all ay,as,...,a, > 1.
Solution:
In particular, the inequality must hold in case a; = ay = ... = a,, = 1. We obtain

(1+x)" < l+zx

5 ,ie. 1+ 2 <2 hence x < 1. Tt follows that z € [—1,1].



Next, we prove that the inequality holds for all z € [—1, 1]. We use induction after
n.
For n =2: let a; > 1, as > 1. Then

aas+xr a1+ as+x  2ai1as + 2T — ajay — a1 — asx — T2

2 2 2 4

_ _ 9.2 PRY 5,2 2
(a1 — z)(ay — ) + 22 — 22 S (1—2)*+2zx—2x 11—z >0,
4 - 4 4
so the inequality holds for n = 2.
Assuming the inequality to be valid for n—1 numbers, let us prove it for n numbers.

If a;,a9,...,a, > 1, thenay -as-...-a,_1 > 1, therefore
a; +x Up_1+x ap+z P(”<*1) a1a9...0p—1 +T ap +x Pg) a1as...ay + T
2 2 2 - 2 2 - 2

In conclusion, the answer is x € [—1,1].



