Problema saptamanii 198
Fie x,y € R. Aratati ca:

a) daca (z + Va2 +1)(y+ /y?>+ 1) =1, atunci z + y = 0;

b) daca (x + v/y>+ 1)(y + Va2 + 1) = 1, atunci z +y = 0.

Solutii pentru punctul a)

Solutia 1: (Adrian Zanca)
Amplificand cu conjugatele, relatia revine la

I=Wa2+1—2)(Vy2+1—y).

Desfacand parantezele, atat in relatia din enunt cat si in cea de mai sus, se obtine

ey + V(@ NP+ ) a1 —yVal 1 =1
si

wy+ (@2 + D2+ 1)+ a2+ 1 +yva2 +1=1.
Deducem ci z4/y2 + 1+ yv/22 +1 =0, deci 24/y2 + 1 = —y/22 + 1. Atunci 7 si

y au semne contrare si z%(y* + 1) = y?(z? + 1), adica 2 = y?, deci z = —vy.

altd finalizare: Din cele de mai sus obtinem zy + /(22 +1)(y2+ 1) = 1, deci
(22 +1)(y* +1) = (1 — 2y)?, de unde 2? + y? = —2zxy si concluzia.

Solutia 2: (David Anghel, Albert Romaniuc, Ana Duguleanu, Selim Cadir)
Relatia din enunt se poate scrie gi sub forma = + Va2 +1 = —y + /y?> + 1, ¢

sub forma y + \/y2+ 1= —z+ Va2 + 1, adici z + y = /12 + 1 — Va2 + 1, res-
pectiv x+y = Va2 + 1— \/ y2 + 1. Adunand aceste doua relatii obtinem concluzia.

Solutia 3: Deoarece a2+ 1 > |z|, numerele din cele doua paranteze sunt po-
zitive. Unul trebuie sa fie subunitar, celalalt supraunitar (sau ambele 1). Sa

presupunem y + /42> +1 < 1 < z + V2?2 + 1. Deoarece y/y>+ 1 > 1, deducem
ca y < 0. Pe de alta parte, vVa2+1 > 1 — x implica x > 0, In caz contrar
obtinandu-se 22 +1 > 1 — 22 + 2%, contradictie. Relatia din enunt revine la
VI T = —y+ ST T

Dacd 0 < —y < z atunci z + Va2 +1 > —y+ /(—y)?+ 1, iar dacd 0 < = < —y
atunci x + V22 + 1 < —y + +/(—y)? + 1. Obtinem, agadar, —y = z si concluzia.

Solutia 4: (Viad Spataru)

Dacd (z1 + a1+ 1)(y + V2 +1) = 1 (@ + Va3 +1)(y +Vy?+1) = 1,
atunci z; + /23 + 1 = 29 + /72 + 1, deci 71 — 13 = /23 + 1 — /22 + 1. Prin
ridicare la pétrat, @2 — 2v12y + 23 = 2?2 + 23 + 2 — 24/ (22 + 1)(23 + 1), adica
V(22 +1)(23 + 1) = 1 + 2129 Printr-o noud ridicare la patrat ajungem la z? —
22179 + 22 = 0, deci la 21 = 5.

Cum z; = z si x9 = —y verifica relatiile de mai sus, deducem ca x = —y.




Solutii pentru punctul b)

Solutia 1: Daca x + /9> +1<0siy+va2+1<0,atunci 0 < /92 +1 < —x
§i0<+/y2+ 1< —y,deciy?+ 1< 2?5siy? <2?+1. Prin adunare se ajunge la o
contradictie.

Asgadar, x + /92 +1 > 0si y + Va2 + 1 > 0. Unul dintre factori va fi subunitar,
celalalt supraunitar (sau ambele 1). Putem presupune

T+ VYR +1<1<y+Var+ 1L

Cum y? +1 > 1, rezultd z < 0. Il renotim pe x cu —x. Noul x va fi nenegativ.
Vrem sa aratam ca xz = y. Presupunem contrariul. Avem

2+1
(o VP D+ VET D) =1 ey+Vart1="g VT

y+1—$2
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Avem, asadar, 1 — V22 + 1<y < —uz, adicéO<1+x<\/1+x2, contradictie.

y+a=

Y+ =

Solutia 2:
Ca mai sus, Incepem prin a arata ca x + \/y2 +1>0siy+Va2+1>0.
De asemenea, x,y > 0 implica (z + +D(y+vVat+1)>1-1=1

e Dacaz > 0>ysiax+y >0, atun(n x > —y > 0 implica z? > y?, deci

T+ y2—|—1>—y+\/y2+1>08iy+\/a:2 >y+\/y2—|—1>0 Prin inmultire
obtinem (z + + D (y+va? + —y+vyP+ D) (y+y2+1) =1, cuega-

litate numai daca T = —y. (Analog daca y>0>zsix+y>0.)
eDacarx >0 >ysgix+y <0, atunci 0 < z < —y 1mphcax < 32, deci

0<3;+‘/y2+1< —y+/y2+1 §i0<y+~/a:2 <y—|—\/y + 1. Prin inmultire
obtinem (x + +1)(y+ Va2 + —y+Vy*+1)(y++/y?+1) =1, cuega-

litate numai daca T = —1. (Analog daca y>0>xsiz+y<0.)
e Daca x,y < 0, putem presupune y <z < 0. Atun(n y? > 22, deci avem

(z+ 2+ D)y+vVa2+1) < y2+ 1y + /32 + 1) < 1, ultima 1negahtate fiind

echivalenta cu y(y + \/y2 +1)<0. Cumy <0l /y?>+1> |yl = —y, ea arata
ca acest caz nu este posibil.




Am primit mai multe solutii pe ideea asta, dar unele au omis sa justifice faptul

ca numerele z + /4> + 1 si y + v 22 + 1 sunt nenegative, lucru esential pentru a
putea inmulti inegalitati care contin aceste numere.

Solutia 3: (David Anghel)
Fiea=+va?2+1sib=+/y2+ 1. Atunci (z +b)(y+a)=1=a>—2>=0>— 1>

b —
Din (x +b)(y + a) = (a — z)(a + x) > 0 rezulta rrb_ 4 $, deci, scazand 1,
a+x a-+y

b—a x4ty
a+zxr  a+y’

b—
Daca x + y # 0, rezulta ? :_a—i—:r:. (1)

r+y a+y

b+y x+b

Analog, din (z 4+ b)(y + a) = (b — y)(b + y) obtinem succesiv

(2)

aty b—y’
b—a x+y . b—a a+y
a+y b—y x4+y b—y
Din (1) si (2) rezultéa+y G

+
b—y a+vy

a>+y*+(a+2)(b+y) = 2xy. Cum a®+y*—2zy = 1+22+y* 22y = 1+(x—y)? > 0,
rezulta ca (a +z)(b+y) <O0.

Dar a = Va2 +1 > Va2 = |z| > —x, deci a4+« > 0. Analog, b+ y > 0, ceea ce
contrazice (a + x)(b+ y) < 0. Asadar, presupunerea = + y # 0 a fost falsa.

=0, adica a®*+y*+2ay+ab+br—ay—zy = 0, sau

Solutia 4: (Selim Cadir)

Fiea=+v22+1gib=+/y2+1. Atunci a®> — 2% =1, b> — > = 1.

Din (a + y)(b + z) = 1, inmultind cu (a — y)(b — x) obtinem (a? — y?)(b* — 2?) =
(a—y)(b—x), adicd (a—y)(b—x) = (1+2*—y*)(1+y*—2?) =1— (2 —y?*)?* < 1.
Adunand relatiile (a + y)(b+2) = 1 si (¢ —y)(b — x) < 1 obtinem 2ab 4 2zy <
2, adicd 0 < /(22 +1)(y2+1) < 1 — 2y. Putem ridica la patrat. Obtinem
1+ 22+ y? + 2%y? < 1 — 22y + 2%y?, adica (z + y)? < 0, de unde concluzia.

Problema a fost pusa in discutie de Bogdan Enescu pe facebook. lata si solutia
propusa acolo:

Solutie: (Bogdan Enescu)
1 1 1 1
a) Sa alegem w,v > 0 astfel incat = = 3 (u — —) siy = 3 (v — —). Putem
u v

intotdeauna face aceasta alegere, si inca in mod unic: ecuatia u? — 2ux — 1 = 0
are mereu doua radacini reale, una pozitiva si una negativa. Cea pozitiva este
u=x+Var+1.

Asadar, conditia din enunt, revine la uv = 1.



_ 1 1 1 1 1
Atun01x+y:§ (u+v———;) :§(u+v) (1——) =

u

1 1
b) Facem aceeasgi substitutie. Atunci Vaz2+1 = 3 (u+ —), iar \/y?+1 =
u

1 1 .
— | v+ — ). Ipoteza revine la
2 v

1( 1 1)( 1 1)
-lu+—+v—— v+—-—4u——) =1
4 U v ) U

(u +v)? — (%—%)2:4 =

Ea se scrie succesiv

(u+v)*u*v? — (u—v)? —4u*? =0 <=
(u+v)*u*v? — (u—v)? —wl(u+v)? - (u—2)* =0 <
(uv — D)[(uv(u +v))* + (u — v)?] = 0.

A doua paranteza fiind pozitiva, ramane ca uv = 1, ceea ce, am vazut la a), implica
r+y=0.

Aceeasi solutie la b) a dat-o si Dacian Robu.

Remarca: (depaseste nivelul unui junior)
In spatele acestor substitutii stau functiile sinus hiperbolic (sinh sau sh) si cosinus
hiperbolic (cosh sau ch). Dacd u = e, v = €°, a,b € R, atunci

et —e @ eb —e?

_T’ y = sinh(b) = 5

a —a b —b
\/1+x2:cosh(a):%, \/1+y2:coshb:€+26 :

Aceste functii verifica

x = sinh(a) =

cosh?(t) — sinh?(¢) = 1

precum si alte relatii (vezi jaici) care seamana cu cele verificate de functiile sin i cos.

Am primit solutii de la Viad Spataru, David Ghibu, Gabriel Turbinca, David
Anghel, Carol Luca Gasan, Albert Romaniuc, Dacian Robu, Ana Duguleanu, Adrian
Zanca, Selim Cadir si Robert Gidea.

Problem of the week no. 198
Let z,y € R. Prove that:

a) if (x+vVa2+1)(y+y2+1) =1, then z +y = 0;
b) if (x +/y>+ 1)(y + Va>+ 1) =1, then z +y = 0.


https://en.wikipedia.org/wiki/Hyperbolic_functions

Solution 1: (only for a))
Amplifying with the conjugates, the relation becomes 1 = (va? + 1—x)(y/y%> + 1—
y). Expanding both the given relation and the previous one gives

ry+ V(@2 NP+ 1) ey - yVal 1 =1

and

y+ V(@ + DA+ )+ + L+ yVa? +1=1.
It follows that x\/y?>+ 1+ yvx?+1 = 0, hence zv/y?>+1 = —yvax?+ 1. This

means that x and y have opposite signs and z%(y? + 1) = y*(2% + 1), i.e. 22 =y,
hence x = —y.

Solution 2: a) Since Va2 +1 > |z|, the numbers in the two parentheses are
positive. One of them must be at most 1, the other at least 1. Assume y +

Vir+1 <1< zx+4++V22+1. From /y?+1 > 1 we get y < 0. On the other
hand, Va2 +1 > 1 — z leads to o > 0, otherwise 22 +1 > 1 — 2x + 2%, which
is a contradiction. The relation in the statement can be written = + a2+ 1 =
—y+(=y)?+ 1L

o< —y<axzthenz+va2+1>—-y++/(—y)?+ 1, while if 0 < x < —y, then
r+vVr2+ 1< —y++/(—y)?>+ 1. The only remaining possibility is, thus, —y = x
ie. z+y=0.

b) If z ++y?+1 < 0and y+ va2+1 < 0, then 0 < /y>?+1 < —z and

0<+/9y2+1< —y, hence y*> +1 < 2% and y? < 22 + 1. Adding these two leads to
a contradiction.

Thus, z + \/y?>+1 > 0 and y + V22 + 1 > 0. One of the two factors will be less
than 1 (or both will be equal to 1). Assume

T+ VYR +1 <1<y +Var+ 1L

From 3% +1 > 1 we get x < 0. Replace x by —z. Our new z will be non-negative.
We want to prove that x = y. Assume the contrary to be true. In this case
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Wehave 1 —va2?2+1 <y < —z,ie 0<1l+x <1+ 22 which is a contradiction.

Solution 3: (Bogdan Enescu)
1 1 1 1
a) Choose u,v > 0 such that z = 3 (u - —) and y = 5 <v - —>. Such a choice
u v
is always possible, in a unique way: the quadratic equation u?> — 2uxz — 1 = 0 has
two roots, one positive, the other negative. The positive one is u = x + V22 + 1.

Thus, the condition from the statement becomes uv = 1.
1 1 1 1 1
Thenz+y==-|ut+v———=]|==(u+v)(1l——|=0.
2 U v UV

2
1 1 .
5 (u+—),whlle Vyi+1=
u

b) We make the same substitution. Then v/z2 + 1 =

1 1
3 (v + —). The given condition translates to
v

This can be written successively

(u+v)* — (1—1>2—4 —

u (%

(u+v)*u*v® — (u—v)? —4u*® =0 <
(u+v)*u*v? — (u —v)? —wl(u+v)? - (u—2)} =0 <=
(uv — D) [(uv(u +v))* + (u — v)?] = 0.

The second factor being positive, it follows that uv = 1, which, as we have seen at
a), leads to z +y = 0.

Remark: (not for juniors)
Behind these substitutions hide the functions hyperbolic sine (sinh) and hyperbolic
cosine (cosh). If u =e®, v = ¢ a,b € R, then

a __ ,—a b __ _-b
x = sinh(a) = i, y = sinh(b) = 1’
2 2
a —a b —b
VIHa® = coshla) = S5, VT2 = cohb=

These functions satisfy
cosh?(t) — sinh?(¢) = 1

as well as other formulas (see here) that are similar to the ones satisfied by the
functions sin and cos.


https://en.wikipedia.org/wiki/Hyperbolic_functions

