Problema saptamanii 190

Fie n > 3 un numar natural si ay, as, ..., a, numere reale cu proprietatea ca
ag + agyo > 2ag.q, oricare ar fi k € {1,2,...,n — 2}.
Pentru orice k € {1,2,...,n} notam cu my = f1 T G2 —]: +ak.
Demonstrati ca my + myyo > 2myyq oricare ar fi k € {1,2,...,n —2}.
Solutia 1:
Folosind definitia lui m;, inegalitatea de demonstrat se scrie
(a1+az+. . .+ag) S 2 + ! . + >0
artas+...+ag) | -+ ——— —— | +a —— — ——— | +agio- ,
T Yk T k+2 k+1) T k42 k+1) TP E+27

sau, eliminand numitorii,
2(ay +ag + ... +ag) — (K> 4+ 3k)ap + (k* + k)ag > 0.

Ultima inegalitate se scrie echivalent

k

> i+ (e + ajy2 —2a;11) >0,
j=1

inegalitate evidenta.

Egalitatea are loc daca si numai daca avem egalitate in fiecare din relatiile

a; + ajyo — 2a;41 > 0, adica atunci cand numerele ay, as, . . ., a, sunt in progresie
aritmetica (adica sunt termeni consecutivi ai unei progresii aritmetice).

Remarca: Nu este evidenta ultima rescriere a inegalitatii de demonstrat. Ea poate

fi ghicita examinand cazurile ,,mici”. O alta cale de a o vedea este urmatoarea:

notand cu ry = agy1 — ag pentru orice k, relatia din ipoteza ne arata ca
ri1<rg<...<rp 1.

Folosind ca a, = a; +r1 +ro+ ...+ 11, inegalitatea 2(a; +as + ... +ax) — (k:2 +

3k)ars1 + (k* + k)agyo > 0 revine la k(k + 1)rpq > 2(ry + 12+ ... + 14), adica la
k

QZ(TkH —r;) > 0, inegalitate evidenta.
j=1
Solutia 2: (Carol Luca Gasan)
Ne propunem sa demonstram prin inductie dupa k£ > 2 afirmatia

P(k) DM + Meg+1 2 ka

N N a; +as +a a; +a
Pentru k = 2 avem de aratat ca al—i—%ZQ- ! 2

, adica a1 +as > 2as,

relatie adevarata.



Presupunand P(k) adevarata, sa demonstram P(k + 1).

Scriind ca a; = jm; — (j — 1)m;j_q, V j, avem ca

Qg + Q42 Z 2a;€+1 -~ [k‘mk - (]{3 — 1)mk_1] + [(k‘ + 2)mk+2 — (/{3 + 1)mk+1] Z
2[(k + D)myy1 — kmy] = 3kmy + (k + 2)mypi2 > (3k + 3)mpgr + (K — 1)my—y Pg
(2k + 4)mypi1 + 2(k — 1)my,.

De aici, reducand termenii asemenea, obtinem P(k + 1).

~

Am mai primit solutii de la: David Andrei Anghel, Gabriel Turbinca si Ana Valeria
Duguleanu.

Problem of the week no. 190
Let n > 3 be an integer and let aq, as, ..., a, be real numbers such that

ag + agro > 2ap4q, for all k € {1,2,...,n —2}.

a1+ as + ...+ ag
- )
Prove that my + myyo > 2myq for all k € {1,2,...,n —2}.

For all k € {1,2,...,n} we denote my, =

Solution 1:
Using the definition of m;, we can write the inequality as

1 1 2 1
I S L : >
(a1taz+...+ay) (k:+k:+2 k+1>+a’““ <k+2 k+1)+a’“+2 PSR

or, equivalently,

2(ay +ag + ... +ap) — (K> 4+ 3k)ap1 + (k* + k)ag2 > 0.

The last inequality can be written as

k
> 3G+ D(a; + aje2 —2a51) > 0,

Jj=1

which is obvious.

Equality holds if and only if each of the following inequalities are satisfied with
equality

a; + aji2 — 2aj41 > 0, which means that ay,as, ..., a, are consecutive terms of an
arithmetic progression.

Remark: It is not so easy to guess the last way to express the inequality. One can
find it either by examining the small cases, or by introducing r, = a1 — ay for all
k. In terms of these numbers, the hypothesis translates to r;y < r, < ... <r, ;.

Using a, = a; +ry + 79 + ... + rp_1, the inequality 2(a; + as + ... + ap) — (k* +

2



3k)ars1 + (k% + k)aro > 0 reduces to k(k + 1)rpq > 2(ry + 1o+ ... + 1), ie. to
k

QZ(rkH —r;) > 0, which is clear.
j=1
Solution 2: (Carol Luca Gasan)
We prove by induction after £ > 2 the statement

P(k): my_q1 + mgyq > 2my.

FOIkZQWGmUSth“OVGGq—FWZQ'al_;_aQ

, l.e. a; + as > 2ao, which

is true.

Assuming P(k) to be true, let us prove P(k + 1).

Expressing a; = jm; — (j — 1)m;_1, V j, we have

ap + apio > 2ap11 & [kmk — (k? — 1)mk,1] + [(/{7 + 2)mk+2 — (k + 1)mk+1] >
P(k

2[(k + D)myy1 — kmy| = 3kmy + (k + 2)myq2 > 3k + 3)mypgr + (K — D)mye—y >

From here we obtain immediately P(k + 1).
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