Problema saptamanii 186

Aratati ca daca xq,xs,...,x9 > 0, atunci are loc inegalitatea
Tr1 — X3 To — Xy i rg — T Tg — T2
D123+ 20003+ 23 Toxy+ 22374+ 73 13T, + 2911 +23  ToTo+2T w0+ T

Olimpiada Rusia, 2019-2020

Solutia 1: (Orestes Lignos, preluata de pe https://mathematica.gr)

1 — I3 1 (LUQ + l’g)Q .
Avem 5= — — 5+ g1 analoagele.
r1x3 + 2xewy + 13 T3 xg(:rla;g + 22913 + xz)
(332 + .%3
Inegalitatea se scrie — 1).
s Z r3(x123 + 2x973 + 13) Z xy 1)

Din Cauchy-Schwarz, e + Ty s >
Ty+T3 T+ T2 To (-’E2 + x3)  x3(T1 + 22)

(w2 + ;p3)2 = (w2 + IS)Q deci
To(my + x3) + x3(T1 + 32) X2+ 2w0w3 + 3173
((L’Q + 1133)2 < T i 1

r3(r123 + 220w3 + 235) T a3(xo +a3) 11 A 29
Prin urmare,

Ty + x3)* T 1
B e R M b
v3(2173 + 22973 + 73) z3(r2 +13) X1+ T2

ZLQ(;;%) xl—l—xJ Z% Zx—l

Solutia 2: (David-Andrei Anghel, Carol-Luca Gasan)
Notand Sy = zg + Tg41, K = 1,2,...,9 (indicii sunt luati modulo 9), inegalitatea
de demonstrat se scrie

29: Sk — Skt1 >0
Sk * Sk — Tp41(Sk — Ska1) '
Dar Sk = D1 > St~ Sk A $k+1(5k - Sk+1)2 > 0, deci

Sk Skt — Tes1(Sk — Sk1) Sk Sk
9 9
Sk — Skt1 Sk — Sk+1 ( 1 1 )
> = - — | =0.
;Sk Skt — Te1(Sk — Sk1) Z Sk Sk+1 ; Sk+1 Sk

Egalitatea are loc daca S = Sy = ... =9y, adica daca r1 = x5 = ... = xy.

O solutie asemanatoare am primit si de la Marius Stanean.



Problem of the week no. 186
Prove that, for all z1, xs,...,x9 > 0, the following inequality holds:

Tr1 — X3 To — Xy rg — T Tg — T2

2 2 2 PREEE 2 2 2 2=
T1X3+2T9x3+2x5  Toks+2T374+ 23 TeT1+2T9x1+Ty ToTo+201T2+T]

All Russian Mathemtical Olympiad, 2019-2020

Solution 1: (Orestes Lignos, taken from https://mathematica.gr)

— 1 + x3)? :
We have i 5= — — (2 + z5) 5+ and its analogues.
rx3 + 2xewy + x5 w3 xz(riws+ 2:621:3 + x3)
(ZUQ + 333
The inequality can be written < — 1).
b Y Z x3(2103 + 22073 + x3) Z 5131 1)
From Cauchy-Schwarz, 2 + B i % >
To+x3 T +T2  Xa(x2 +a3)  w3(T1 + 22)
2 2
(22 +23) = — (2 + 23) , hence
To(xe + w3) + x3(x1 + T2) X3 + 2w0x3 + 1123
((L’Q + 1133)2 < T i 1

w3(r123 + 220w3 + 23) T w3(wo +a3) T a0
It follows that

Ty + x3)* T 1
B R D ez e
v3(2173 + 27973 + 73) r3(T9 +73) X1+ T9

ZLQ(;;%) x1+x2} Z@ Zx—l

Solution 2: (David-Andrei Anghel, Carol-Luca Gasan)
Putting Sy = zx + zx41, £ = 1,2,...,9 (indexes being taken modulo 9), the
inequality can be written

i Sk — S -
k=1 Sk - B

Skt1 — Trr1(Sk — Skt1)

Sk — Sk+1 S Sk — Sk+1
Sk - Sk+1 — Tie41(Sk — Sk+1) — Sk - Sk

0 9
Sk — Skt1 Zsk — Skt Z < 1 1 )
;Sk “Skr1 — Trg1 (Sk — Sky1) Sk * Skt k=1 Sk

Dar & Tpe1(Se — Ses1)? > 0, hence

Skt1
Equality holds when §1 = Sy = ... = Sg, i.e. when 1 = 29 = ... = 9.



