Problema saptaménii 182

Fie n > 2 un numar natural si ay, as, ...,a, > 1. Demonstrati ca
1 1 1 1
a+a+...+a,—————...——>n| Jnay...ap — —— | .
ay a9 an vai1as .. .0y

(in legatura cu problema 1, clasa a VII-a, ONM 2019)
Titu Zvonaru

Solutia 1: Vom nota afirmatia din enunt cu P(n) si o vom demonstra prin inductie
Cauchy, adica mai intai prin inductie pentru puteri ale lui 2, apoi pentru celelalte
numere.

1 1 1
Pentru n = 2 inegalitatea de demonstrat, a; +as+—+— > 2 ( a1y — ) ,

a; G2 Vv a1a2
se scrie echivalent (ajas — 1)(‘/a1 — ,/a2)2 > 0.
Presupunand afirmatia adevarati pentru n = 2*, o demonstram pentru n = 281,
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Pentru a demonstra P(n), cu 28 < n < 28 aplicdm inegalitatea, deja demon-
strata, P(2*1). Fie ay,ay,...,a, > 1si g= ¥a;---a, > 1.

Definim a, 11 = ... = agri1 = g si aplicaim P(2F1) pentru aceste 281 numere.
o Bl s k1 .
Observam ca 2"/ay - agrs = > \ay---a, - g2 = 2 \/gn. g = g,

1 1 2kt _p
Asadar obtinem ci a; + ... +a, + (2 —n)g - — — ... - — - "— — >

ax Qn g
1
PARE (g - —), de unde rezulta imediat P(n).
g

Alternativ, se putea demonstra ca P(2F) implica P(25!) si apoi cd P(n + 1) im-

plica P(n) (alegand a,41 = /a1 - - ay).

Solutia 2: (David-Andrei Anghel, Luca Pana) - depageste nivelul ,,juniori”

Fie a; = €%, cub; > 0si f:[0,00) — R, f(z) =e* — — = €* — e *. Este ugor

eCC
de vazut ca f'(z) = e +e 7%, f"(v) =e* —e ™ >0,V >0, deci f este functie
convexa. Din inegalitatea lui Jensen rezulta ca

n

f(bl)+f(b2)+...+f(bn)zn_f<bl+b2+...—|—bn)’

care este tocmai inegalitatea din enunt. Egalitatea are loc daca by = by = ... = b,
adica pentru a; = as = ... = a,.



In afari de solutia precedenta, am primit si una de la Carol Luca Gasan (inductie
Cauchy, ca gi solutia 1, cea a autorului).

Problem of the week no. 182

Let n > 2 be a positive integer and let a1, as,...,a, > 1. Prove that
1 1 1 1
a+a+...+a, — — — — — oo——2>2n | Yaay. ..y — ——— | .
ay a9 an va1ag ... Ay

Titu Zvonaru

Solution 1: We denote the statement by P(n) and we prove it by a Cauchy-type
induction, i.e. first we prove it by induction for powers of 2, then we use this for
the other values of n.

1 1
For n = 2 our inequality, a; +as + — 4+ — > 2 ( a1ay — ) , can be written

ar a2

equivalently (ajas — 1)(\/a1 — ,/a2)2 > 0.
Assuming the statement to be true for n = 2*, we prove it for n = 2++1.
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In order to prove P(n), cu 2¥ < n < 281 we apply the inequality, P(2¥+1), which
is already proven. Let ay,as,...,a, > 1and g = ¥/ay---a, > 1.

1
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Define a, 11 = ... = asei1 = g and apply P(251) for these 25! numbers.

Notice that 2%/a; - agpr1 = aran - 2 = P gn 2 = g,
1 1o 1

Thus we obtain a;+. . .+a,+ (2"t —n)g———. . . ————— > 2" (g~ ),
a1 G g g

from where we get P(n).
Alternatively, we could have proven that P(2%) = P(28) and P(n + 1) = P(n)

(choosing a, 11 = /a1 -~ ay).

Solution 2: (David-Andrei Anghel, Luca Pand) - beyond ”juniors” level
1
Let a; = €%, with b; > 0 and f : [0,00) — R, f(z) =e*— — =¢" —e " It is
eCC
easy to see that f'(z) = e +e™ 7, f"(z) =e*—e® >0, Va > 0, which shows that
f is a convex function. From Jensen’s inequality it follows that

f(b1)+f(b2)+...+f(bn)Zn.f(bl‘f’bz—i‘...—l—bn)’

n

which is exactly the desired inequality. Equality holds when b = by = ... = b,
ie forai =ay = ... = a,.



