Problema saptamanii 179

Fie p un numar prim si x, y, 2 numere naturale nenule, diferite doua cate doua, mai
mici decat p. Aratati ci dacd numerele 23, 3® si 2® dau acelasi rest la impartirea
cu p, atunci 22 + y? + 22 este divizibil cu z + y + 2.

Olimpiada Polonia, 2003

Solutie:

Stim ca p divide 2® —y3 = (z—vy) (2> +zy+y?) si analoagele. Cum —p < x—y < psi
r—y # 0, rezulta cd p divide 22+ 2y+1? i, analog, p divide y?+yz+22 si 22+ zx+22.
Atunci p divide si diferenta (2% + 2y +v*) — (v* +yz + 22) = (v — 2)(x + y + 2).
Intrucat p nu divide x — 2z, deducem ca p divide z +y+ 2. Dar 0 < x +y+ 2z < 3p,
deci z +y + 2 € {p,2p}. Dacd = + y + = este par, atunci si 2% + y* + 2? este par.
Cum p > 2, tot ce ne ramane si demonstram este ca p divide 22 + 3% + 2. Dar p
divide a = (z+y+2)?si p divide b = (22 + 2y +y2) + (v +yz+ 22) + (22 + zx 4 22),
deci p divide gi 2b — a = 3(2® + y* + 2?). Dar p > 3, deci p | 22 + y? + 2°.

Problem of the week no. 179

Let p be a prime number. Integers z,vy, z satisfy 0 < 2 < y < z < p. If 23, 4°,
23 have the same remainder upon dividing by p, then prove that x? + y? + 22 is
divisible by = + y + 2.

Polish Mathematical Olympiad, 2003

A solution can be found in Mathematical Excalibur.


https://www.math.ust.hk/excalibur/v12_n4.pdf

