Problema saptaméanii 174

Dacaa aq,as,...,a, > 0, aratati ca
a? a’ a?
(1+—1> <1+—2> (1+—”) >(1+a)(l+ag) ... - (1+ay).
a9 as ai
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Solutia 1: Conform inegalitatii CBS (forma Titu Andreescu), T+_ >

ay 1 + a9
1 a
cu egalitate daca gi numai daca 1= —1, adica a; = as.
a2
Inmultind inegalitatea precedenta cu analoagele ei se obtine inegalitatea din enunt.
Egalitatea are loc atunci cand a; = as = ... = a,.

Solutia 2: Vom folosi urmatorul caz particular al inegalitatii lui Holder (caz parti-
cular pe care l-am vazut citat si drept inegalitatea lui Huygens):
Daca m € N* gi x1,z9, ..., 2, > 0, atunci are loc inegalitatea

(IT+z)(I+ae) - (L +am) > (L+ ri@ - Tm)™

(O posibila demonstratie: se desfac parantezele gi se aplica inegalitatea mediilor
pentru termenii care sunt de acelasi grad. Atunci se vede ca, pentru n > 1, egali-
tatea are loc atunci cand numerele sunt egale.)
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Vom aplica aceasta inegalitate pentru m = 2™ — 1 gi urmatoarele m numere:
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si, pentru fiecare k = 2, n, cate 28! termeni egali cu ——*L. Vom obtjine:
QAn—k+2
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a2\?" a2\?" a? 2 a?
(1+—1) <1+—2> -...-(1+ ”1) (1+—")z(1+%)m,
ag as (7% ai
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Asadar, am obtinut inegalitatea

CL2 th a2 2 Cl2 2 CL2
<1+—1) (1+—2> '...-<1+ ”1> <1+—">2(1+a1)m.
az as Qn ay

inmul@ind aceasta inegalitate cu alte n — 1 inegalitati analoage obtinute prin per-
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mutari circulare, fiecare factor de forma (1 + > va veni la puterea 14 2 +

ag41
42 =927 — 1 = m astfel ca, extragand radical de ordin m se obtine tocmai
inegalitatea din enunt.

Egalitatea are loc atunci cand n = 1sau a; = as, = ... = a,.

Remarca: Inegalitatea se poate demonstra si prin inductie. Pentru pasul de
inductie trebuie ales a,, 11 = min{ay, as, . .., Gy, Apy1 } sau max{ay, as, ..., ay, api1}-



(Renumerotand indicii, se poate face aceasta presupunere.)

Problem of the week no. 174

If ai,as,...,a, are positive real numbers, prove that
2 2 2
a a a
(1+—1> <1+—2) <1+—”) >1+a)(14a) ...  (1+ay).
a9 as ai
12 a? 1+ap)?
Solution 1: According to Titu’s Lemma, — 4+ — > M, with equality when
1 (05} 1 + ao
1
1= ﬂ, i.e. a; = ap. Multiplying the above inequality with its analogues gives
¢5)
the desired inequality. Equality holds when ay = as = ... = a,.

Solution 2: We use the following variant of Holder’s inequality (a variant some-
times called Huygens’ inequality):
If m e Nand z1,29,...,x, > 0, then the following inequality holds:

(I+z)(I4+z) - (I4+xn) > 1+ Yoz 2m)".

(A possible proof: expand the LH side and apply the AM-GM inequality for groups
of all the terms that have the same degree. From this it is easy to see that, for

n > 1, equality holds when the numbers are all equal.)
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We apply this inequality for m = 2" — 1 and the following m numbers: In and,
a1

2
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for every k = 2, n, we take 2¥~! terms equal to ——**L We obtain:
An—k+2

a2\ a2\ ¥ a2\’ a?
(1+—1) <1+—2> -...-(1+ "1) (1+—")z(1+%)m,
a9 as Qp aq
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where z = | —= =2 = ) =

(05} as Qp, aq

2n—2

a2\ a2 a2 2 a2
Thus, we got (1+—1> (1—|——2) -...-(1+ "_1) (1+—”) > (14aq)™.
as as anp ai

Multiplying this inequality with n — 1 similar inequalities obtained from this one
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by circular permutation, each factor of the type (1 + > will appear at the

Ag41
power 14+ 2+ ...+ 2771 = 2" — 1 = m therefore, drawing the root of order m we
get the desired inequality.

Equality holds forn=1or a1 =ay = ... = a,.



