Problema saptamaéanii 167
Demonstrati ca exista o infinitate de numere naturale n pentru care suma cifrelor
lui 2" este mai mare decat suma cifrelor lui 271

Serghei Koneaghin (Kvant, problema 390)
Solutie:
I. Resturile impartirii lui 2" la 9 sunt, periodic, 1,2,4,8,7,5.
II. Deoarece 23 < 10*, avem chiar 232 < 4.10%, deci 2" are cel mult ™41 cifre.

Presupunand ca am avea numai un numar finit de numere naturale n pentru care
s(2™) > s(2"*1), ar trebui sa existe un N astfel incat s(2") < s(2"™), Vn > N.
Dar atunci, pentru 6k > N, am avea, conform I:

5(20K76) — 5(26F%) = (Mg + 1) — (My +5) = My +5 > 5,
$(205F%) — 5(2%H) = (Mo +5) — (Mo +7) = My + 7 > 7,
(204 — 5(29513) = (Mg + 7) — (Mg + 8) = My +8 > 8,
s(2%9) — s(2°F2) = (Mg + 8) — (Mg +4) = My + 4 > 4,
5(26F42) — 5(2FH) = (Mg +4) — (Mg +2) = My +2 > 2,

s(2%FY) — 5(2%%) = (Mg +2) — (Mg +1) = Mg + 1 > 1.

Adunénd aceste relatjii, obtinem ca s(2°5%6) —s(26%) > 27, deci s(26FT6m) — 5(20F) >
27m, V'm € N. Dar 2876 avand cel mult 2k 4 2m + 1 cifre, are suma cifrelor cel
mult 9(2k + 2m + 1), deci trebuie si avem 9(2k + 2m + 1) > s(2%%) + 27m, adica
9m < 18k +9 — s(26k) pentru orice m, ceea ce nu se poate.

Contradictia obtinuta arata ca exista o infinitate de numere n pentru care s(2") >

s(2n L),

Problem of the week no. 167
Prove that there are infinitely many positive integers n for which the sum of the
digits of 2" is larger than the sum of the digits of 2"+,

S. Konyagin (Quantum Magazine, problem 390)

Solution:

I. The remainders of 2™ when divided by 9 are, periodically, 1,2,4,8,7,5.

II. Since 2%* < 10*, and even 2%+2 < 4.10%, we see that 2" has at most g +1
digits.

Assuming there is only a finit number of positive integers n that satisfy s(2") >
s(2"*1) there must be an N such that s(2") < s(2"*1), ¥n > N.

But then, for 6k > N, according to I, we would have:

S(2946) — 5(2%4%) = (My +1) — (My +5) = My +5 > 5,

5(2054%) — 5(25FF) = (My +5) — (Mg +7) = My +7 > 7,
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s(20KH4) — 5(25FF3) = (My +7) — (My +8) = My +8 > 8,

8(26k+3> — S(26k+2) = (Mg —+ 8) — (Mg + 4) = Mg + 4 Z 4,

5(20FF2) — 5(26F) = (Mg +4) — (Mg +2) = My +2 > 2,

5(20F 1) — 5(26F) = (Mg +2) — (Mg +1) = My +1 > 1.

Adding up these relations, we get s(26816) —s(26%) > 27, hence s(20k+6m) — 5(26F) >
27m, V'm € N. But 2%t has at most 2k + 2m + 1 digits, so the sum of its digits
is at most 9(2k + 2m + 1), so we should have 9(2k + 2m + 1) > s(2°%) + 27m, i.e.
9m < 18k + 9 — s(2%%) for all m, which is not possible.

The contradiction we have obtained shows that there are infinitely many n for
which s(2") > s(2"*1).



