Problema sdptamanii 164

La un turneu de sah participa 20 de jucitori. In prima runda fiecare jucitor dis-
putd cate o partidi. In runda a doua, fiecare jucitor joaci impotriva unui jucitor
cu care nu a jucat in runda anterioarad. Demonstrati ca, dupi cea de-a doua rundi,
exista un grup format din 10 jucatori care nu au jucat inca intre ei.

Solutie:

Agezam jucitorii pe un cerc si unim cu un segment rosu oricare doi sahisti care au
jucat unul impotriva celuilalt in runda 1 i cu un segment albastru oricare doi sahisti
care au jucat intre ei in runda a doua. Fiecare gahist este capatul unui segment
rogu si al unuia albastru (diferit de cel rogu). Pornim de la un jucétor si formam o
linie poligonala in care alternam segmentele albastre si cele rosii, incepand cu unul
albastru. Deoarece numarul sahistilor este finit, la un moment dat vom ajunge
inapoi la un gsahist pe la care am mai fost. Dar in afara de primul, la ceilalti ajung
deja doua segmente, cate unul din fiecare culoare, deci nu mai exista alte segmente
care sa ajunga la ei. Asadar, linia poligonala se inchide obligatoriu la sahistul de
la care am pornit si obligatoriu cu un segment rosu. Asadar, linia poligonala con-
sta dintr-un numéar par de segmente. Dacd ea contine mai putin de 20 de varfuri,
adica exista sahisti pe la care nu a trecut linia poligonald, ludm unul dintre acesti
sahigti si facem o noua linie poligonald, cu aceleasi reguli (albastru-rogu-albastru-
rogu...). Descompunem astfel multimea gahigtilor in cicluri de lungime pard. Daca
din fiecare ciclu luim sahistii din 2 in 2, vom avea in total 10 sahisti care nu au
jucat intre ei.

O alta problema pe aceeasi idee, cu doud solutii explicate de Dan Schwarz:

Unele celule ale unui tablou de dimensiuni nxn, n > 2, sunt colorate in negru, astfel
incat fiecare linie gi fiecare coloana contine exact doud celule negre. Demonstrati
cad putem inalbi unele dintre aceste celule negre, astfel incat fiecare linie si fiecare
coloand si contina in final exact o celula neagra.

prelucrare Dan Schwarz

Solutie: (Dan Schwarz)

Vom crea un graf avand drept varfuri cele 2n celule negre, si drept muchii — muchii
rosii intre celulele negre aflate pe o aceeasi linie, si muchii albastre intre celulele
negre aflate pe o aceeasi coloani. Prin urmare graful este 2-regulat, deci este o
reuniune de cicluri disjuncte. Fiecare ciclu este de lungime para, cu muchiile de
culori alternate.

Nu ne raméane decat sa inalbim, in fiecare ciclu, din doua in doud varfuri; de
exemplu



| O

Desigur, putem alege in mod arbitrar, in fiecare ciclu, de unde s incepem inalbirea.

Solutie Alternativa. (Dan Schwarz)

Cream un graf bipartit avand drept varfuri cele n linii, respectiv cele n coloane,
cu cate o muchie intre fiecare linie si coloana la intersectia carora se afla o celula
neagra. Prin urmare graful este 2-regulat, si atunci un caz particular al Lemei
Mariajelor a lui Hall (cunoscut deja lui Frobenius) implicd existenta unui cuplaj
(1-factor) perfect. In#lbim celelalte celule negre, care nu corespund muchiilor din
acest cuplaj.

Aceasta solutie functioneaza si intr-un caz mai general, unde in loc de 2 avem céte
2 < k < n celule negre pe fiecare linie si coloana. Graful este acum k-regulat, dar
metoda ciclurilor nu mai functioneaza in mod direct pentru k > 2. |

Problem of the week no. 164
A chess tournament has 20 players and 19 rounds in which each player plays against
each of the other 19 players exactly once. (Every player plays one game in each
round.) Prove that, after the second round, there is a group of 10 players that have
not played a game between them.

Solution:

We arrange the players on a circle and join with a red segment any two players that
opposed each other in round 1, and with a blue segment any two players having met
in round 2. Each player is at the end of one red and one blue segment. Starting from
one of the players, we construct a broken line consisting of segments of alternating
colors. The number of players being finite, our broken line must eventually return
to a player it has already visited. But for all of them we have used up the two seg-
ments linking them to the others, with the exception of the first player, the one we
started with. Moreover, if we start with a red segment, we finish with a blue one,
hence our broken line consists of an even number of segments. If it has less than 20
vertices, in other word if there are players that do not belong to this broken line,
we consider one such player and construct another broken line according to the
same rule. Thus, we decompose the set of the players into cycles of even lengths.
If we take from each cycle every other player, the 10 players that we selected are



not joined by segments, which means they have not met during the first two rounds.
A similar problem:

Some of the cells of an n x n table, n > 2, are colored black such that each line
and each column contains exactly two black cells. Prove that we can turn white
some of these black cells such that each line and each column contains in the end
exactly one black cell.

adapted by Dan Schwarz



