Problema saptaméanii 163
Rezolvati in multimea numerelor naturale nenule ecuatia n® +n* = 7 — 1.

Olimpiada Belarus, 2007

Solutia 1: Ecuatia se scrie (n*+n+1)(n®—n+1) = 7™. Rezulti ci atat n*+n+1 cat
si n®—n+1 trebuie sa fie puteri ale lui 7. Fie d = (n?+n+1, n*—n+1). Atunci d di-
vide fiecare din numerele: n* —n+1, n*+n+1, n(n*+n+1)—(n®—n+1) = n*+2n—1,
n?+2n—1—(n*4+n+1) =n—2, n*+n+1-n(n—2) = 3n+1si 3n+1-3(n—2) = 1.
Avem doud cazuri: d =1sau d = 7.

1. Dacd d = 1 atunci n? +n+1 = 1 sau n® —n+1 = 1, dar ambele situatii conduc
la contradictie.

2. Dacad =T7atunci n? +n+1=7saun®>—n+1 =7 Obtinem n = 2, deci
singura solutie este (n,m) = (2,2).

Solutia 2: (loana Stanoiu)

Ecuatia din enunt se poate scrie (n>+n+1)(n*—n+1) = 7™. Atunci n*+n+1 = 7°
sin®—n+1=7" cua<bpentrun > 2. Cum pentru n = 1 nu avem solutie, in
continuare consideram n > 2. Avem 7% | n® —1gi 7% | n® —n+1, de unde 7% | n— 2.
Dar 7 =n? +n+1 > n — 2, deci trebuie ca n — 2 = 0, adici n = 2. Pentru n = 2
se obtine m = 2, astfel ca n = m = 2 este singura solutie a ecuatiei.

Problem of the week no. 163
Solve in positive integers the equation n® 4+ n* = 7™ — 1.

Belarus National Olympiad, 2007

Solution 1: The equation can be written as (n®>+n+1)(n*—n+1) = 7. So both
n?+n+1 and n® —n+1 must be some powers of 7. Put d = (n*+n+1, n®>—n+1).
Then d is a divisor of n® —n+1, n? +n+1, n(n*+n+1)—(n®*—n+1) = n*+2n—1,
n’+2n—1—(n*4+n+1) = n—2, n*+n+1-n(n—2) = 3n+1 and 3n+1-3(n—2) = 7.
We have two cases: d=1ord=17.

1. If d = 1 then either n? +n+1 =1, or n®> —n+ 1 = 1, both of which yielding a
contradiction.

2. If d = 7 then either n? +n+1 =7, or n® —n +1 = 7 or both of them equal 7.
We obtain n = 2, so the only solution is (n,m) = (2, 2).

Solution 2: (loana Stanoiu)

The given equation can be written (n? +n + 1)(n® —n + 1) = 7™. It follows that
n+n+1=7andn®—n+1="7, witha <bif n>2. As n =1 does not lead
to a solution, we consider n > 2. We have 7% | n3 —1 and 7% \ n® —n + 1, hence
7% n—2.But 7" =n*+n+1>n-2s0oweneedn—2=0,ie n=2 Forn=2
we get m = 2, therefore n = m = 2 is the only solution of the equation.



