Problema saptaméanii 158
2n

Fie a1 > ay > a3 > ... > asyp_1 > a9, > 0 numere reale cu proprietatea Zai =1.
i=1
Ardtati ca

1
aias + 3@3&4 + 5@5&6 +...+ (QTL — 1)a2n_1a2n < Z

Cand are loc egalitatea?
KoMalL, problema B.4905

Solutie: (inductie)
Vom demonstra prin inductie dupa k£ > 1 ca dacd a; > as > a3 > ... > Qop_1 >
as, > 0, atunci

(al—i—a2+...+a2k)2

a1ay + 3@3@4 + 5@5&6 + ...+ (2]6 — 1)a%_1a2k S 1

(Gl + a2)2

Pentru k = 1 afirmatia ajay < este echivalentd cu (a; — ag)? > 0.

Egalitatea are loc daca a; = ao.
Presupunand afirmatia adevirata pentru k — 1, sd o demonstram pentru k.
Este suficient sa demonstram ca

a1+a2+...+a2k)2 (a1+a2+...—|—a2k_2)2

(2k — 1)agg—1a2, < ( 1 — 1 7

adica 4(2k — 1)ags_1a9x < (agr_1 + agp)? + 2(ag,—_1 + agx)(ar + ag + . .. + agp_s).
Avem (agg—1 + agx)? > 4dagk_1a9k, cu egalitate dacd ag,—1 = agg, si agk—1a2x < a;a;
pentru orice i € {2k — 1,2k} si orice j € {1,2,..., a2} (datorita inegalitatilor
0 < agp < age—1 < a;). Aici avem egalitate in toate aceste inegalititi fie atunci
cand a; = ay = ... = agy, fie atunci cand as,_1 = ag, = 0.

Combinand aceste inegalitati obtinem ca 4(2k — 1)agy_1a9, < (age_1 + agx)? +
2(aok—1 + age) (a1 + az + ... + ag_2).

Inegalitatea este astfel demonstratd. Pentru a avea egalitate in inegalitatea pentru
2n

k = n, echivalenta cu cea din enunt datoritd conditiei Zai = 1, trebuie sa avem
i=1

egalitate in fiecare din inegalititile scrise pentru £ = 1,2,...,n, deci trebuie si

avem aqk_1 = ag, pentru fiecare k si sd avem pentru orice k, fie a; = as = ... = agy,

. . . . 1 .
fie agg_1 = agr = 0. Obtinem cazurile de egalitate a1 = ay = ... = ag, = o si
n
1 .
aq :GQZ...:CI/QSZZ—, (2541 = Q242 = ... = a9, = 0cul < s <n—1arbitrar.
S
Remarca: Solutia de mai sus poate fi rescrisa fara inductie, astfel:

omogenizand, inegalitatea de demonstrat este echivalenta cu

(a1+a2—|—...—|—a2n)2
4 )

ajag + 3@3@4 + 5@5&6 + ..+ (2n — 1)a2n,1a2n <



deci cu 4ajas + 12azas + 20asag + . . . +4(2n — 1)ag, 109, < (ay +as + ... + ag,)>
2%—2

Ea se obtine adunand inegalitatile 4(2k — 1)agg_1a9x < a3, + a3, + 2a0%_1 Zai +
i=1
2%k—1 '
2a2k2ai scrise pentru k£ = 1,2,...,n si care inegalitati se demonstreaza ca ma
i=1

sus. Pentru cazul de egalitate, trebuie si avem egalitate in fiecare din inegalitatile
pe care le-am adunat.

Am primit solutii de la Andrei-Giovani Chirita, Marius Valentin Dragoi, Tonut
Maihai Dragoi, Gabriel Turbinca, loana Stanoiu, Daniel Vicaru.

Problem of the week no. 158 ,

Let a1 > as > a3 > ... > as,—1 > as, > 0 such that Zai = 1. Prove that
i=1

1
ajas + 3@3@4 + 50/5&6 + ...+ (2TL - 1)0,271,1@2” < Z

When does the equality hold?
KoMalL, problem B. 4905

Solution: (induction)
We prove by induction after £ > 1 the following statement: if a; > ay > a3 > ... >
Agp—1 > agi > 0, then

(a1+a2+...+a2k)2

a1as + 3@3@4 + 5@5&6 + ...+ (2]@’ — 1)a2k_1a2k S 1

2
M and is equivalent to (a; —az)? >

For k = 1 the statement becomes aa, <
0. Equality holds if a; = as.
Assuming the statement to be true for £ — 1, let us prove it for k.
It is sufficient to prove that
(a1+a2+...+a2k)2 (a1+a2—|—...+a2k_2)2

(2k — 1)agg—1a9, < 1 — 1 ;

i.e. 42k — Dagg_1a9, < (asp—1 + asi)?® + 2(age—1 + asi)(a + as + ... + agg_2)-

We have (agi,_1 + aox)? > dasy_1a9, with equality if ag,_; = aor, and agg_1a9, <
a;aj for all i € {2k — 1,2k}, j € {1,2,..., a2} (due to the inequalities 0 <
ask, < ag,—1 < a;). Here we have equality in all these inequalities either when
a1 = Ay = ... = Aok, Or When as_1 = ag, = 0.

Combining the inequalities above we obtain 4(2k — 1)ag,_ja9x < (ask_1 + agx)® +
2(aok—1 + age) (a1 +az + ... + agp_2).

The inequality is thus proven. In order to have equality in the inequality writ-
ten for £k = n, which is equivalent to the one in the statement because of the



2n
condition Zai = 1, we must have equality in each of the equalities written for
i=1

k=1,2,...,n. We must therefore have as,_1 = ag for all k£ and, also, for every £,
we must have either a1 = ay = ... = a9k, Or agp_1 = a9, = 0. We obtain the fol-
1
lowing cases of equality: a1 = ay = ... = a9, = > and a1 = as = ... = ags = 2%
n S
aA2s+1 :a25+2:...:a2n:0where 1 SSSTL—L

Remark: The solution above can be rewritten avoiding induction:
first, we make the inequality homogeneous: it is equivalent to

a1+a2—|—...—|—a2n)2

a1ao + 3@3&4 + 5@5@6 + ...+ (2n - 1)a2n_1a2n S ( 1 s

i.e. to dajas + 12azay + 20asag + - .. + 4(2n — V)ag,_1a9, < (a1 + az + ... + ag,)*
This inequality can be proven by adding the inequalities

2k—2 2k—1
4(2]{ — 1)612]€,1CL2]C S agk_l + agk + 2a2k,1 Zai -+ QanZai

i=1 i=1
written for £k = 1,2,...,n. These inequalities can be proven as above.



