Problema saptamanii 155
Demonstrati ci orice numar natural nenul n se poate scrie in mod unic sub forma

2%+1
n = i (—1)712"™ unde k > 0si 0 < my < my < ... < Maopy; sunt numere
naturgel.
Romanian Masters of Mathematics, 2017, problema 1 a)
Solutie:

Solutia oficiala o puteti gasi pe pagina RMM.
Va propunem o solutie alternativa.

FEristenta:
Orice numar natural nenul se scrie in mod unic sub forma n = 2% 4 2°2 . 420,
unde s > 181 0 < by < by < ... < by sunt numere naturale. Atunci putem scrie

n o= 20t 90 y Obsmatl Qb1 g obatl _9b2 4 901 FExponentii 0 < by < by <
by +1 <b3<bs+1<bsq<bs_1+1<bs <bs+ 1nusunt neaparat in ordine
strict crescatoare, dar dupa ce reducem eventualii termeni asemenea, obtinem o
scriere de forma dorita.

Numarul de termeni ramagi este 2k + 1, unde £ reprezintd numarul de blocuri de
cifre de 1 din scrierea in baza 2 a numérului obtinut prin stergerea ultimei cifre 1
din scrierea in baza 2 a lui n.

Unicitatea:
241

Rezultd tot din constructia de mai sus. Dacad n = Z (—1)7712™ | atunci n =
j=1

(2mar+s —2mak) 4 (2M8 —2m2) 42 HL = (QMakniTly  p9mak) 4 4 (2msT 4
...+ 2m2) + 2™ ultima scriere fiind tocmai reprezentarea (unicd) a numarului n
in baza 2. Asadar, daci n ar avea doud reprezentari diferite ca sumé alternanta de
puteri ale lui 2, atunci, corespunzator, n ar avea si doud scrieri diferite in baza 2,
ceea ce nu se poate.

Problem of the week no. 155
Prove that every positive integer n can be written uniquely in the form

2k+1
n= Z (=1)7712™i where k > 0 and 0 < m; < my < ... < Mgy, are integers.
j=1
Romanian Masters of Mathematics, 2017, problem 1 a)
Solution:

The official solution can we found on the competitiong web-page: RMM.

We propose an alternative solution.

the existence part:

Any positive integer can be written uniquely as n = 2% +2°2 4. 4+-2% where s > 1
and 0 < by < by < ... < b, are integers. We can write n = 20s+1 — 20s 4 9bs—1+l _
20s—1 +... —|—2b2+1 — 2b2 +2b1. The exponents 0 < by <by <by+1<b3<bz+1<


http://rmms.lbi.ro/rmm2017/index.php?id=solutions_math
http://rmms.lbi.ro/rmm2017/index.php?id=solutions_math

bs—1 < bs_1+1 < bs < bs+ 1 are nor necessarily in strictly increasing order but,
after canceling out all possible similar terms, we obtain the desired representation.
The number of remaining terms is 2k + 1, where £ is the number of 1-blocks in the
binary representation of the number obtained by erasing the last digit equal to 1
in the binary representation of n.

Uniqueness:
2k+1

Uniqueness also follows from the construction above. If n = Z (—1)7712™, then
j=1

n o= (2m2k1 — 2mak) 4 (2M3 — 2m2) 4 ML = (Qmaeni Tl 4 gmak) 4
(2ms=l 4. 4+2m2) 4+ 2™ the last being exactly the (unique) binary representation
of n. Thus, if n would have two different representations as alternating sums of
strictly decreasing powers of 2, then, correspondingly, n would also have two dif-
ferent binary representations, which is a contradiction.



