Problema sdptamanii 154
Demonstrati ci pentru orice n > 2 exista n numere reale x1, xs, .. ., x,, diferite de
1 1 1
l—2; 1l—29 ~ 1—2a,

Olimpiada Spania, 2019

1, astfel incat produsele z1 - x5 ...  x, si sa fie egale.

Solutia 1:

. . 1 1
Pentru n = 2, ecuatia revine la xq -5 =

.Tl—l.ZCQ—l

. Putem alege x si x5 solutii

1++5

T adicd 22—z —1 = 0. De pilda, putem lua z; = 25 = 5
-T —

Pentru n = 3, observim cid pentru x; = x5 = 2 obtinem pentru z3 ecuatia

ale ecuatiei z =

1
dxsy = & 4x§ —4x3 + 1 = 0, care are solutia x3 = o deci pentru n = 3

1
putem alege x1 = 2o = 2, 3 = 3

In general, pentru n par putem alege r1 =2, = ... = x, = , lar pentru n

1mparm1:x2:27x3:§,x4:m5:...:xn:
1
1—331

Observatie: Pentru n = 2 se poate ciuta x; pentru care ecuatia xrx, =
1 1

1—1172 Il(l—l’l)

de satisfacut (alegand z; < 0 sau z; > 1).

N i = 0 are o solutie x5 # 1. Conditia A > 0 este ugor

O solutie asemanatoare am primit de la loana Stanoiu.

Solutia 2: (David-Andrei Anghel)

Conditia din enunt revine la x1(1 — z1) - 22(1 — 3) - ... - z,(1 — z,,) = 1. Notam
A=uay(1—x9)-235(1—a3)-...-2,(1 —2,). Vrem ca x;(1 — ;) - A =1, adica vrem
ca ecuatia de gradul II Az? — Ax + 1 = 0 sa aiba solutii. Conditia A > 0 revine la
A% —4A >0, deci la A(A —4) > 0 si este satisfacutd de indata ce A < 0. Alegem

Ty = —1 §ix3:x4:...:xn:§. Atunci A = -2 < 0 gi alegdnd x; o

' 4n72
solutie a ecuatiei Ar? — Az + 1 = 0, avem conditia satisfacuta. (Sa mai observam
cd x = 1 nu este solutie a ecuatiei Ax?> — Az +1 =0, deci 7; # 1.)

Solutia 3: (Andrei-Giovani Chirita)

Conditia din enunt revine la z1(1 — 1) - 22(1 — 29) - ... - (1 — z,,) = 1. Dar
r(l—2) = y & (2r — 1)? = 1 — 4y, deci imaginea functiei f : R — R,
f(z) =2(1—x) este (—o0, 1].

Problema se rezuma la arata ca exista yi, yo, ..., Yn < }l astfel incat y1-ys-. . ..y, = 1.

Pentru n par alegem y; =y = ... =y, = —1, iar pentru n impar alegem y; = —4,
_ 1 e — o —

Yo=7,Y3=Ys=...=y,=—L



Problem of the week no. 154

Prove that, for all n > 2 there exist n real numbers x1, zo, . . ., x,, different from 1,
1 1 1

l—z, 11—y =~ 1-—gz,
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such that the products 1 - x5 - ...z, and are equal.

Solution 1:
1 1

1'1—1.33'2—1.

For n = 2, the equation becomes x| - x5 = We can choose z;

and x5 to be solutions of the equation x = i.e. of the quadratic equation

x—1’
1 5
2?2 —x —1=0. We can choose 71 = 29 = +2\/_.
For n = 3, notice that putting 1 = x, = 2 we obtain that z3 must satisfy
1
drg = & 4x§ — 4x3 + 1 = 0, which has the solution x5 = 3 In conclusion,
1
for n = 3 we may choose x1 = 19 = 2, 13 = 7
1 5
In general, for n even we can choose r1 = 29 = ... = x, = +2\/_, while for n
1 5
odd we can take x1 = x5 = 2, x3:§, Ta=x5=...= Ty = +2\/_.
1
Remark: For n = 2 one can look for z; for which the equation z;29 = 1 .
1
& :1:3 — 9 + —— = 0 has a solution x5 # 1. The condition A > 0 is
1— 29 Il(l - xl)

easy to satisfy (by taking x; < 0 or z; > 1).

Solution 2: (David-Andrei Anghel)

The condition from the statement reduces to x1(1—x;)-xo(1—x2)-. . .2y (1—2,) = 1.
Denote A = zo(1 — x9) - x3(1 —x3) - ... 2, (1 — x,). We want z1(1 —21) - A =1,
i.e. we want the quadratic equation Az? — Az + 1 = 0 to have solutions. The
condition A > 0 is equivalent to A% —4A > 0, i.e. to A(A —4) > 0, and it is

fulfilled as soon as A < 0. We choose 1o = —land 23 =24 = ... =2, = 7 Then

A= —2.
gn—2
is satisfied. (Note that x = 1 is not a solution of Az?>— Az+1 = 0, therefore z; # 1.)

< 0 and taking x; to be a solution of Az?— Az +1 = 0, our condition

Solution 3: (Andrei-Giovani Chiriti)

The condition from the statement reduces to x1(1—x1)-xe(1—2x9)-. . ..z, (1—2,) = 1.
But z(1 —z) = y & (2 — 1)> = 1 — 4y means that the image of the function
fiR—R, f(z) =z(1l —x)is (—oo, 1]

4

The problem reduces to finding y1,ys, ..., yp < i such that y1 -yo - ... -y, = 1.
For n even we choose y; = yo = ... =y, = —1, while for n odd we take y; = —4,
Vo=t Y3 =Y =...=Yp = —L.



