Problema sdptamanii 151
Demonstrati ca daci a si b sunt numere rationale cu proprietatea a® + bv° = 2ab?,
atunci 1 — ab este patratul unui numér rational.

Olimpiadd Marea Britanie

Solutia 1: (Gabriel Turbincad)

Inmulgim relagia din enun{ cu a si scriem egalitatea obtinuta sub forma (a® —b%)? =

b*(1 — ab). Daca b = 0 atunci 1 — ab = 1 este patratul unui numir rational. Daca
3 _p2 2 3 12

b # 0, obtinem 1 — ab = (ab—z) , unde 72 este numar rational.

Solutia 2: (David-Andrei Anghel, Andrei-Giovani Chiritd, Radu Lecoiu)

Ridicand la patrat obginem a'®+2a°6° +0'° = 4a%b?, sau (a® —b°)? = 4a*b* (1 —ab).
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Daca ab = 0, atunci 1 — ab = 12, iar daca ab # 0 atunci 1 — ab = (—QQ 22 ) .
a

Solutia 3: (Daniel Viacaru, Marius Valentin Dragoi)
Daca ab = 0, concluzia este evidenta. Consideram acum ab # 0. Rescriem relatia

a’ b? a’
din enunt sub forma a - (b_2> +0b- (—2) = 2. Notand t = R stim ca ¢ verifica
a

ecuatia at + i 2, adica at? — 2t + b = 0. Stim ca aceastd ecuatie de gradul II
are solutii rationale. Deducem c& discriminantul, A = 4(1 — ab), este patratul unui

numar rational, de unde concluzia.
Solutia 4: (Ioana Stanoiu)

. . . a
Daca ab = 0, concluzia este evidentd. Consideram acum ab # 0. Notam ;= t.

2t>
Atunci a® + 05 = 2a*0? & V(1 + t5) = 2b%2 deci t # —1 51 b = T E iar
213 o 415 1—15\°
a= 55 Rezulta cal —ab=1— (ENBE = (1—|—t5> .

Generalizare: Dacd n este un numir natural si a, b sunt numere rationale cu
proprietatea a?"t1 4+ b2 = 24"b", atunci 1 —ab este patratul unui numér rational.

Problem of the week no. 151
If a and b are rational numbers satisfying a® + b® = 2a%b?, prove that 1 — ab is the
square of a rational number.

British Mathematical Olympiad

Solution 1: (Gabriel Turbinca)
We multiply the equality a® + b = 2a%b* by a and rewrite the equation as
(a® —v?)* = b*(1 — ab). If b = 0, then 1 — ab = 1 is the square of a rational

b? b?
Solution 2: (David-Andrei Anghel, Andrei-Giovani Chiritd, Radu Lecoiu)
Squaring the given equality yields a'® + 2a°0® + b1 = 4a'b?, ie. (a® — V%)% =

a3 — 12 2 ad — 12
number. If b # 0, we get 1 —ab = ( ) , where is a rational number.
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4a*b*(1—ab). If ab = 0, then 1—ab = 12, while if ab # 0 then 1 —ab = <a2 2b2 ) '
a

Solution 3: (Daniel Vicaru, Marius Valentin Dragoi)

If ab = 0, the conclusion is clear. Assume ab # 0. We rewrite the given condition
2

2 b2
as a - (Z—2> +b- (—2> = 2. Putting t = %, we know that ¢ satisfies the equation
a

at + i 2, i.e. at? — 2t +b = 0. We know that this quadratic equation has rational

solutions. It follows that A = 4(1 — ab) is the square of a rational number, hence
the conclusion.
Solution 4: (loana Stanoiu)

If ab = 0, the conclusion is clear. Assume ab # 0. Put % = t. Then a® + b° =

2t2 3
20207 < b°(1 + t5) = 2b*?, hence t # —1, b = i E and a = it It follows
A5 1—\?
that 1 —ab=1— = .
e (1+65) (1+t5)

Remark: If n is a positive integer and a, b are rational numbers satisfying a?"*! +
b>tl = 2¢™b", then 1 — ab is the square of a rational number.



