Problema sdptamanii 134
Daca n este un numir natural nenul, iar {ay,as,...,a,} = {1,2,...,n}, demon-
strati ca

19 4292 4 4% <1P 4224 40"

Concursul Traian Lalescu, 2003

Solutie:

Vom demonstra afirmatia prin inductie dupa n. Pentru n = 1 nu avem ce demon-
stra. Presupunem afirmatia adevarata pentru n si o demonstram pentru n + 1.
Presupunand ca {ay,as,...,an,an1} = {1,2,...,n,n + 1}, existd (un unic) k €
{1,2,...,n+ 1} astfel incat ap =n + 1.

Daca k =n+1, avem 11 4+2%2 4 . 4+n +(n+1)"" < 114224 40"+ (n+1)"
in baza ipotezei de inductie aplicate numerelor aq, ao, ..., a,.

Dacia k € {1,2,...,n}, atunci k% +(n+41)+1 < k14 (n41)"H o gt — ot <
(1)1 = (n 1051 & kot (RH=0 — 1) < (1) (4 1) 1-om — 1),
inegalitate evidentd deoarece 1 < k < n-+1sia,.; <n+1. Rezultd ca 1% 422 4
co(B=1)m -t ko 4 (k1) %41 4 4t (n41)% v < 19042024 4 (k—1)™1+
kontt g (k+1) %14 4n4(n+1)"T < 114224 +n"+(n+1)"" in baza ipotezei
de inductie aplicate numerelor {aq,as, ..., ax_1,ani1, gy ... 0,3 = {1,2,...,n}.
Cu aceasta, inductia este incheiata, iar afirmatia din enunt demonstrata.

Problem of the week no. 134
If n is a positive integer, and {aq, a9, ...,a,} = {1,2,...,n}, prove that

104292 4 4 <1P 4224 4
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Solution:

We prove the statement by induction after n. For n = 1 there is nothing to prove.
Assume the statement to be true for a value of n and let us prove it for n + 1.
Assuming that {a1,as,...,a,, 0,11} = {1,2,...,n,n + 1}, there exists a unique
ke{l,2,...,n+ 1} such that ay =n + 1.

If k=n+1, then 1 +22 4 . 4+ n% 4+ (n+1)"" <11 4+22 4. 4+n"+ (n+1)""!
according to the inductive hypothesis for the numbers ay, ao, ..., a,.

If ke {1,2,...,n}, then k% + (n + 1)+ < g+t + (p+ 1)" T & ! — fontt <
(R 1) = (n+1)0t e ko (B4 — 1) < (n4-1)%+ ((n + 1)rHimons — 1),
which is obvious because 1 < k < n+ 1 and a,.1 < n+ 1. It follows that 1** 4
292 4 (k= 1)t 4 k% + (k4 1)+ + . 4+ n 4 (n 4 1) < 1% 4 202 4
coot (B = 1)% -1 4 kot (B4 1)%+ 4 po 4 (4 )P <1422 44
n™ + (n + 1)"™! according to the inductive hypothesis applied for the numbers
{ai, a9, ... a5 1,0n41,08, ..., an} = {1,2,... ,n}.

Thus, the proof by induction is finished; the statement is true for all n > 1.



