Problema sdptamanii 131
Daca m,n sunt numere naturale nenule distincte, demonstrati ca

(m,n)+(m+1Ln+1)+(m+2,n+2) <2m—n|+1.
Cand are loc egalitatea?
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Solutie:

Daca m > n, notam m—n = k. Trebuie sa aratam ca (k, m)+(k, m+1)+(k, m+2) <
2k 4+ 1. Daca cel putin doi dintre termenii din membrul drept sunt mai mici decat
k, ei sunt cel mult k/2, deci suma e cel mult 2k. Ramane cazul cand cel putin doi
termeni sunt egali cu k. Dacad k divide doud dintre numerele m, m + 1 si m + 2
atunci k divide si diferenta lor, deci k = 1 sau k = 2.

Daca k = 2 si m este par, atunci avem egalitate: 2+ 1+ 2 = 2k + 1.

Daca k = 2 si m este impar, inegalitatea este sticta: 1 +2+ 1 < 5.

Dacid k = 1 atunci avem egalitate: 1 +1+1 =2k + 1.

In concluzie, inegalitatea are loc in toate cazurile, cu egalitate daci m si n sunt
numere consecutive sau numere pare consecutive.

Problem of the week no. 131
If m and n are distinct positive integers, prove that

(m,n)+(m+1Ln+1)+(m+2,n+2) <2m—n|+1.
When does equality hold?
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Solution:

If m > n, put m—n = k. We must prove that (k, m)+(k, m+1)+(k, m+2) < 2k+1.
If at least two of the summands are less than k, they are at most k/2, hence the
sum is at most 2k. This leaves the case when at least two of the summands are
equal to k. If k£ divides two of the numbers m, m + 1 and m + 2 then k also divides
their difference, hence k =1 or k = 2.

If kK =2 and m is even, we have equality: 2+ 1+ 2 = 2k + 1.

If kK =2 and m is odd, the inequality is strict: 1 +2+ 1 < 5.

If £ =1 we have equality: 1 +1+1 =2k + 1.

In conclusion, the inequality holds in all cases and it is satisfied with equality if m
and n are either consecutive positive integers or positive consecutive even integers.



