Problema saptamanii 130
Fie a, b, c lungimile laturilor unui triunghi. Demonstrati ca

a b c 9
(b+c)(b+c—a) * (c+a)(c+a—10) * (a+b)(a+b—rc) = 2(a+b+c)

din cartea [1]

Solutia 1:
Inegalitatea fiind simetrica, putem presupune a < b < c.
Atuncil<1<1§i a < b < ¢
) b+c c+a a+b’ b+c—a ct+a—-b a+b—c
Intr-adevar, efectuand calculele, avem

a

<
b+c—a " c+a—0>b

sacta®—ab<b’+bc—bas (a—b)(at+b+c)<O0.

a b
(b+c)(b+c—a) * (c+a)(ct+a—0) *
c 1 a 1 b 1 c
(a+b)(atb—c) bt+c b+c—a * c+a c+a—b+ a+b at+b—c =

1 1 n 1 n 1 a n b n c
3\b+c¢ c+a a+b)\b+tc—a c+a—-b a+b—-c/)
Din inegalitatea CBS (forma Titu Andreescu) avem

1 n 1 + 1 S 9

b+c c+a a+b~ 2a+b+c)

Atunci, din inegalitatea lui Cebagev, avem

si

a b c a? b? c

+ + = + +
b+c—a c+a—-b a+b—c ab+ac—a® bect+ab—02 ac+bc—c2 —

2

(a+b+c)? -3
2(ab+bc+ca) —a? —b2>—c2 — 7

ultima inegalitate revenind la a® + b + ¢ > ab + bc + ca.
Prin inmultire obtinem inegalitatea doritd. Egalitate avem dacd a = b = ¢, adica
pentru lungimile laturilor unui triunghi echilateral.

Solutia 2:

Inegalitatea fiind simetrica, putem presupune a < b < c.
Atuncia<b<c§i ! < L < !

) b+c c+a a+b’ b+c—a c+a—-b a+b—c
Intr-adevar, efectuand calculele, avem

a
<
b+c  c+a

Sact+a® <V +bcs (a—b)(at+b+e) <0.

Atunci, din inegalitatea lui Cebasev, obtinem

a b c
btlb+e—a)  (cracta—b  (atblatb—0o

1



a 1 . b 1 . c 1
b+c¢c b+c—a c¢c+a c+a—-b a+b a+b—c—

1 a n b N c 1 N 1 n 1
3\b+c c+a a+bd b+c—a c+a—b a+b—c)’

Din inegalitatea CBS (forma Titu Andreescu) avem

1 N 1 N 1 S 9
b+c—a c+a—-b a+b—c  a+b+c
b 3
si din inegalitatea lui Nesbitt, ¢ + c >

+ > —.
b+c c+a a+b 2
Prin inmultire obtinem inegalitatea dorita. Egalitate avem dacd a = b = ¢, adica

pentru lungimile laturilor unui triunghi echilateral.

Solutia 3: (Radu Lecoiu)
Amplificim fractiile cu a, b, respectiv ¢, apoi aplicim inegalitatea Titu Andreescu

(Bergstrom):
a N b N c _ a? N
(b+c)b+c—a) (c+a)c+ta—0b) (a+blat+b—c) alb+c)(b+c—a)
b? c? (a+b+c)? o
> , ultima ine-

eta)cta—b) clarbatb—c ~ 6abe  ~ 20atb+o
galitate fiind echivalenta cu (a+b+c)® > 27abc care este inegalitatea dintre media
aritmetica si cea geometrica.

Solutia 4:
Inegalitatea se poate scrie

1 1 n 1 1 n 1 1 S 9
b+c—a b+c c¢c+a-b c+a a+b—c a+b 2a+b+c)

1 1 9
+ + >
b+c—a c+a—-b a+b—c a+b+c
(Titu Andreescu sau media armonici este cel putin cat cea aritmetica).
Tot din inegalitatea lui Titu Andreescu rezultd ci

()

In mod evident avem

1 N 1 . 1 S 2 n 2 n 2 (+4).
b+c—a c¢c+a—-b a+b—c " b+c c+a a-+b
Intr-adevir, avem + L + L + ! > 16 = 8 .
’ b+c—a c+a—b a+b—c a+b—c~ 2(a+b) a+b

Adunéand aceasti inegalitate cu analoagele ei si impértind la 2 obtinem inegalitatea
(**). Adunand (*) si (**) obtinem inegalitatea ceruta.

Solutia 5: (din cartea [1])
Fiea=x+y,b=y+2z2 ¢c=z+uz, cux,vy,z > 0. Inegalitatea de demonstrat fiind
omogend, putem la nevoie inlocui variabilele x,y, z cu ax, ay, az si alege « astfel



incat a(z +y + z) = 3 (« se simplifica gi se ajunge la aceeasi inegalitate). Cu alte
cuvinte, putem considera ca x 4+ y + z = 3. Inegalitatea devine
3—x 3—y 3—z 3
+ > .
B+z)r B+yy (B+2)z 2

Intuim ci avem egalitate dacd x = y = z = 1 gi atunci cautam m,n € R astfel
incat

3—1
BRI >mt+n, Yte(0,3).

Inegalitatea revine la mt® + (3m +n)t* + (3n + 1)t —3 < 0 gi vrem ca t = 1 si fie
radacina dubla.

11
Folosind eventual schema lui Horner, se gasesc m = —g’ n = 3
Astfel, inegalitatea de mai sus revine la (t — 1)?(=Tt — 24) < 0 care este ade-
33—t —Tt+ 11
varatd. Am demonstrat asadar ca > il , V't € (0,3). Scriind aceasta
(3+1t)t 8

relatie pe rand pentru x,y, z in loc de t si adunand, obtinem (folosind din nou ca
x4+ y + z = 3) inegalitatea doritd. Egalitate avem dacd © = y = z (nu neaparat
egale cu 1), adicd a = b = c.

O solutie asemanatoare a dat si Dacian Robu care a presupus x+y+ 2z = 1 (in loc
1—t 33 — 63t
> .
t(l+t) — 8

de z +y + z = 3) si a folosit c&, in acest caz,
Solutia 6: Titu Zvonaru ne trimite si urmitoarea intarire a inegalitatii din enunt;:

Fie a, b, c lungimile laturilor unui triunghi. Demonstrati ca
a L b L c S
b+c)b+c—a) (ct+a)ct+a—0b) (a+b)(a+b—c) —

9 34 (a — b)?
Natbto) +9(a+b+c)z<b+c—a)(c+a—b)‘

cyc
a B 1
(b+c)b+c—a) b+c—a b+tc

Deoarece , inegalitatea de demonstrat se scrie

Y 2 e e
Cycb+c—a a+b+c_cycb+c 2(a+b+c)

34 (a — b)?
9(a+b+0)z(b+c—a)(0+a_b)7 (*)

cyc
adica, Inmultind cu 9(a + b + ¢),

36(a — b)? 9(a — b)? 15(a — b)?
Z(b+c—a)(c+a—b) = Z:2(b~|—c)(c+a) Jrzj(b—i—c—a)(cha—b)'

cyc cyc cyc




Pentru a demonstra aceasta inegalitate este suficient si demonstram ci

36 S 9 . 34
(b+c—a)(ct+a—0b) —2(b+c)(c+a) (b+c—a)lc+a—0b)

2 9
btc—acta—0b) =206+ lcta)
Aceasti inegalitate revine la 4c? + 4ab + 4bc + 4ca > 9¢® — 9a® — 9b? + 18ab, adici
la 9a® + 9b? + 4bc + 4ca > 5¢® + 18ab. Ori a + b > ¢ implicd 4ac + 4bc > 4c?,
2a + 2b* > (a +b)? > ¢ i avem i 7a® + 7b* > 14ab.

adici

Identitatile folosite la rescrierea inegalititii (x) pot fi verificate direct; iatd o cale
de a o obtine pe prima dintre ele:

3
Zb—i—c—a a+b—|—c b+c—a a+b—|—c)—

cyc (
Z2(a—b)+2(a—c) B a—1b a—c \
Cyc(a—l—ZH—c)(b+c—a _a+b+c b+c—a cb+c—a B

2 a—>b b—a (a —b)?
a+b+c (Cycb—l—c—a—i_%c—i—a—b) _a+b+cczyc(b+c—a)(c+a—b)‘
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Problem of the week no. 130
Let a, b, c be the lengths of the sides of a triangle. Prove that

a b c 9
+ + > .
(b+c)b+c—a) (c+a)(c+a—b) (a+b(a+b—c)  2(a+b+c)
Solution 1: ) ]
The inequality being symmetric, we may assume a < b < c. Then, < <
) ) b+c~ c+a
and a < < ¢ . Indeed, after some computations,

a+b b+cb—a_c+a—b_a+b—c
¢ & ac+a®—ab < b*+bc—ba < (a—b)(a+b+c) < 0. Then,
a b

b+rbte—a)  (cralcta—b)
c 1 a 1 b 1 c

(a+b)(a+b—rc) " btc btc—a * c+a c+a—b+ a+b at+b—c =

<
b+c—a " c+a—0>b

from Chebyshev’s inequality we obtain +

1 1 n 1 n 1 a n b n c
3\b+c c+a a+b b+c—a c+a—-b a+b—c)



1 1 1 9

From CBS (Titu’s Lemma) we have + + > and
b+c c+a a+b = 2a+b+c)
a . b n c B a? n b? n c? S
b+tc—a c+a—-b a+b—c abtac—a® be+ab—b2  ac+bec—c? "
(a+b+c)?

> 3, the last inequality being equivalent to a? +b% +

2(ab+ bc + ca) — a? — b2 — 2
2 > ab + be + ca.

By multiplication we obtain the desired inequality. Equality holds for a = b = ¢,
i.e. for an equilateral triangle.

Solution 2:
<

< b
b+c  c+a

. Indeed, after some computations,

The inequality being symmetric, we may assume a < b < ¢. Then
c d 1 < 1 < 1
an
a+b b+c—ab_ c+a—b " a+b—c
we have —= < Sact+a® <V +bee (a—b)(a+b+c) < 0. Then,
b+c c+a ;
a
from Chebyshev’s inequality we obtain + +
Y AHatty bro)brc—a)  (cta)cta—b)
c a 1 b 1 c 1

a —+ a+b—c - —l—c. +c—a c+a.c+a— a —+ .a—i- —c
@+b)(atb—c) bte b * L

1 a . b N c 1 . 1 . 1
3\b+c c+a a+b b+c—a c+a—-b a+b—c)

1 1 9
From CBS (Titu’s Lemma) we have + - > ,
b+c—a c¢c+a—-b a+b—c  a+b+c
and from Nesbitt’s inequalit ¢ + b + ¢ >3
nd from i inequali —.
4 Y bxe cta a+b 2

By multiplication we obtain the desired inequality. Equality holds for a = b = ¢,
i.e. for an equilateral triangle.

Solution 3:
We use Titu’s Lemma:
a n b n c B a? n
(b+c)b+c—a) (c+a)cta—b) (a+ba+b—c) alb+c)(b+c—a)
b c? (a+ b+ c)?
> the last in-
b(c—l—a)(c—i—a—b)+c(a—|—b)(a—|—b—c)_ 6abc T 2(a+b+c)’ ¢St

equality being equivalent to (a + b+ ¢)® > 27abc which is the HM-AM inequality.

Solution 4: 1 1 1 1 1

The i lit b itt - N
elr;equalycan e wri enb+c—a b+c+c+a—b+a+b a+b—c ™

2(a+b+c)

PR SR SR .
+c—a c+a—-b a+b—c  a+b+c
(Titu’s Lemma or HM-AM inequality). Also from Titu’s Lemma it follows that

Obviously 2



1 1 12 2 2 e,

b+c—a+c—|—a—b+a—|—b—c_b+c+c—|—a+a—|—b

1 1 1 1 16 8
Indeed, addi > =
paeed, a mgb+c—a+c—|—a—b+a—|—b—c+a+b—0_2(a+b) a+b
to its analogues and dividing by 2 gives (**). Summing (*) and (**) we obtain the

desired result.




