
Problema s«pt«m¥nii 107

Determinat�i a, b, c ∈ N, a, b, c > 1, pentru care ab ≡ 1 (mod c), bc ≡ 1 (mod a) �si
ca ≡ 1 (mod b).
Solut�ie: (Gheorghe Eckstein)
Numerele trebuie s« fie distincte. Dac«, de exemplu, a = b, atunci 1 ≡ ca ≡ 0
(mod b), ceea ce nu se poate deoarece b > 1. Putem presupune a < b < c. Atunci
ab = jc + 1, cu j ∈ N∗, j < a, deci a2b = acj + a. Cum ac ≡ 1 (mod b), rezult«
j + a ≡ 0 (mod b). Dar 0 < j + a < 2b, deci j + a = b. A�sadar j = b − a
�si ab = (b − a)c + 1, sau ab + ac = bc + 1 = `a + 2, cu ` ∈ N∗. Rezult« c«
a(b+c−`) = 2, deci a = 2 �si b+c−` = 1. Din j < a rezult« j = 1, apoi c = 2b−1.
2c ≡ 1 (mod b) implic« atunci b = 3, c = 5 care verific« ��ntr-adev«r relat�iile date.

Problem of the week no. 107

Determine a, b, c ∈ N, a, b, c > 1, such that ab ≡ 1 (mod c), bc ≡ 1 (mod a), and
ca ≡ 1 (mod b).

Solution: (Gheorghe Eckstein)
No two numbers can be equal, therefore we may assume a < b < c. Then ab = jc+1,
with j ∈ N, j < a, hence a2b = acj + a. From ac ≡ 1 (mod b) it follows that
j + a ≡ 0 (mod b). But 0 < j + a < 2b, hence j + a = b. Thus j = b − a and
ab = (b − a)c + 1, i.e. ab + ac = bc + 1 = `a + 2, with ` ∈ N. It follows that
a(b + c − `) = 2, hence a = 2 and b + c − ` = 1. From j < a we get j = 1, then
c = 2b− 1. 2c ≡ 1 (mod b) implies b = 3, c = 5 which do indeed satisfy the given
conditions.


