Problema saptamanii 107

Determinati a,b,c € N, a,b,c¢ > 1, pentru care ab =1 (mod ¢), bc =1 (mod a) s
ca =1 (mod b).

Solutie: (Gheorghe Eckstein)

Numerele trebuie sa fie distincte. Dacd, de exemplu, a = b, atunci 1 = ca = 0
(mod b), ceea ce nu se poate deoarece b > 1. Putem presupune a < b < c¢. Atunci
ab = jc+ 1, cu j € N*, j < a, deci a®b = acj + a. Cum ac = 1 (mod b), rezulta
j+a =0 (modb). Dar 0 < j+a < 2b, deci j +a = b. Asadar j = b —a
gsiab = (b—a)c+1,sau ab+ac = bc+1 = la+ 2, cu £ € N*. Rezultd ca
a(b+c—0)=2,decia=2gib+c—¢=1.Din j < arezultd j = 1, apoi c = 2b—1.
2c =1 (mod b) implica atunci b = 3, ¢ = 5 care verificd intr-adevar relatiile date.
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No two numbers can be equal, therefore we may assume a < b < ¢. Then ab = jc+1,
with 7 € N, j < a, hence a?b = acj + a. From ac = 1 (mod b) it follows that
j+a=0 (modb). But 0 < j +a < 2b, hence j +a = b. Thus j = b — a and
ab = (b—a)c+ 1, ie. ab+ ac = bc + 1 = la + 2, with ¢ € N. It follows that
alb+c—1¥¢) =2 hencea=2and b+c— ¢ =1. From j < a we get j = 1, then
c=2b—1.2c=1 (mod b) implies b = 3, ¢ = 5 which do indeed satisfy the given
conditions.



