Hexagonul cu laturile opuse paralele

Problema 1: Laturile opuse ale hexagonului convex ABCDEF sunt paralele doua cate doua.
Sa se arate ca ariile triunghiurilor ACE si BDF sunt egale, valoarea lor comuna fiind cel putin
jumate din aria hexagonului.

Solutie(M.Miculita):

Fig.1.
Prin varfurile A, B, C, ...,F ducem dreptele a,b,c,..., f, astfel incat sa avem:
alld||BCEF;c|| f|| AB| DE;e||b|| AF || CD .
Notam apoi cu: {4, }=cne; {Cl=ane{E}=anc{B}=dn f;{D}=bn f;{F}=bnd.
Sa observdm acum, ca patrulaterele ABCE,, CDEA,, EFAC, -fiind paralelograme, urmeaza

cd:
Syce = SACEI + SCEAI + SAECI + SAICIE] = %'SABCDEF + SA1C1E| 2 %'SABCDEF' QY]
In mod analog se arati ca: S, = %.SABCDEF +S8ppr 2 %.SABCDEF. (2)
Pe baza relatiilor (1) si (2), avem acum: S ,o; = Sz <= S, cp = Sp 05 - 3)
Avem 1insa:

AC, =| AF - CD |= D,F; C\E, =| BC — EF |= B/F}; AE, =| AB—-DE |=BD, =
= A,C\E, =ADF B = SAIC]E] = SB]D]FI'
Observatie(MM): Daca in plus avem si: |AB|=|DE|, BC|=|EF]| si |CD|=|AF|, atunci:

— SABCDEF

SACE = SBDF = 2




Problema 2: Fie ABCDEF un hexagon avand laturile opuse paralele. Notam cu M, N, P, Q, R si cu
S mijloacele laturilor [AB], [BC], [CD], [DE], [EF] si respectiv [AF]. Sa se arate ca dreptele MQ,
NR si PS, care unesc mijloacele laturilor opuse, sunt concurente! (Kvant nr.1/1986, pag.34,
problema 963; solutia sa a aparut in nr.5/1986).
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Fig.2.
SOLUTIE(folosind ideea solutiei din Kvant nr. 5/1986; pag.31 si 34):
Lema: Fiind dat un trapez ABCD si notand cu M si N mijloacele bazelor [AB] si [CD];

mediana MN este locul geometric al tuturor punctelor X, avdnd proprietatea: S, ,. =S -
Demonstratie(MM): Este cunoscut faptul c¢i dacd {0} =[ AC]n[BD], atunci avem O € MN.
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Dacd X € MN; X ¢ {M,N,O}, atunci avem:

S =S
| MA|=| MB |- {SOAM - SXOA = SOAM - SXAM = SOB _SXBM = SXOB' M

xanr = Sy
In mod analog se arati ca: S,,. =S,,,; (2)
si adunind acum relatiile (1) si (2), membru cu membru, obtinem ca:

SXAC = SXOA + SXOC = SXOB + SXOD = SXBD'
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Fig.4.

Daca X ¢ MN, atunci notand cu Y punctul in care paralela dusa prin punctul X la dreapta
BD intersecteazd diagonala AC si X e Int(AYAC) sau Y € Int(AXAC). In cayul Fig.4 are loc a

doua alternativa si avem:
XY||BD = SXBD = SYBD = SXAC > SYAC = SYBD = SXBD = SXBD > SXBD;

(X € Int(AYAC) = S, > Sy ).
Revenind la problema 2 si notdnd cu {O} = MO N NR, avem potrivit lemei demostrate:
OcMN =58, =S,
OeNR= Sy, = Syr
A S F

}:> Soup =Socr = 0 e PS.LJ
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Fig.5.
O problema mai generala, este urmatoarea:

Problema 3: In hexagonul ABCDEF dreptele MQ, NR si PS, care unesc mijloacele laturilor opuse,
sunt concurente atunci si numai atunci cand, triunghiurile ACE si BDF sunt echivalente.
(Kvant, nr.2 /1992,pag.20; problema 1329 si sol. in nr.8/1992, pag.34-35)




Fig.6.
Solutie: Notand cu {0} = M,M, "M, M, sicu x=0X, avem:

- -

Sycr =Sppor| S axctexe+texa=bxd+dx f+ fxbs

c>6:(&x2+&x2+13x* Bx2)+(2xZz+Ex7+2xZz+3xf)+(@+2x2+?xl§+?x2)c>

<:>(Ez+5)x(3+2)+(2+3)x(5+7)+(E+7)x(l§+2)=0<:>

&|0M,,xOM,, +OM,xOM, +OM, xOM, =0, (1)

Pe de alta parte, avem:
2) |0OeM M,|<OM, xOM, =0 si [0eM, M,|<OM, xOM, =0. (3)

(1).Din relatiile (1), (2) si (3) rezulta acum ca:
OM xOM,=0=|0eM M, | (4

(ii). In mod reciproc, din relatiile (2), (3) si (4), rezulta (1).]

Problema 4: Fie ABCDEF un hexagon avand laturile opuse paralele. Notam cu M, N, P, Q, R si cu
S acele puncte ale laturilor [AB], [BC], [CD], [DE], [EF] si respectiv [AF], care sunt determinate
prin relatiile urmatoare:
|MA| _| AF| |NB| _|B| |PC|_|BC| |QD| _|CD| |RE| _|DE| |SF|_|EF|
|MB| |BC| |NC| |[CD| |PD| |DE| |QE| |EF| |RF| |FA| |SA| |[AB]
Sa se arate ca dreptele MQ, NR si PS, care unesc mijloacele laturilor opuse, sunt concurente!
(Mihai Miculita)




Fig.7.
SOLUTIE: Notand cu {O} =M ,M, "M, M, sicu x=0X, avem:

OeM M, < OM,xOM, =0 (|BC|a+| AD|b)x(|EF | d+|CD|.e)=0 <

|BC|.|EF|.(ax3)+|BC|.|CD|.(sz2)+|AD|.|EF|.(BXE)+|AD|.|CD|.(13><2)=6; (1)

OeM, M, < OM, xOM,; =0 (|CD| b+| AB|.c)x(| AF | .e+| DE|.f )=

|CD|.|AF|.(B><E)+|CD|.|DE|.(Bx7)+|AB|.|AF|.(E><2)+|AB|.|DE|.(E><7):6; (2)

OeM,M, < OM,xOM, =6@(|DE|.E+|BC|.E)X(| EF|.Zz+|AB|.7)=

|DE|.|EF|.(E><ZZ)+|DE|.|AB|.(E><7)+|BC|.|EF|.(3><Z;)+|BC|.|AB|.(2><7)=6. 3)
Din relatiile (1) si (2), rezulta:
|BC|.|EF|.(Z:><3)+|BC|.|CD|.( )+|AD| |EF|. (bxd)+|AD| |CD|( ) |AF|

|CD|.|AF|.(l;><2)+|CD|.|DE|.(b><f)+|AB|.|AF|.(c><e)+|AB|.|DE| (cxf) (-14D1)

|AF|.|BC|.|EF|.(5><3)+|AF|.|BC|.|CD|.(&XE)+|AF|.|AD|.|EF|.(bxd)—

~|4D|.|CD|.| DE|.(bx f)~| AD|.| AB|.| AF |.(cxe)~| AD|| AB|.| DE|.(¢x f ) =
Pe de alta parte:

—

AB||DE < (a—b)x(d—¢)=0< axd+bxe=axe+bxd; (4)

BC||EF@(E—E)x(é—?):6@Bx2+2x7=2x2+5x7; (5)
CD||AF@(E—B)X(Zx—?)=6@Exa+3x7=2x7+3x5. (6)

- - - - —_ — - - [ - - —

:>2a><d+2b><e+c><a+d><f axe+bxd+cxe+bx f.



Hexagram
http://www.artofproblemsolving.com/Forum/viewtopic.php?t=360831&p1974796 &#p1974796

dvd  1et ABC DE Fbe a convex hexagon with AB;’JIDE, BC//EF;,CD/{FA Extending the 6

Posts: 64 ¢dges of this hexagon until they meet at 6 new vertices creates 6 new triangles, each erected externally
relative to the hexagon. Prove that the total area of these triangles is not smaller than the area of hexagon.
Are there any well-known theorem(s) related to this question? I'm sure it's an old result, but I can't find any

reference to that. Thx.
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AB || DE
Adica: BC||EF = 8,3 +Sxgc +Spep + SQDE +Seer S5 2 S peper-
CD|| AF
dyd
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We have all those 8 triangles are similar. So we have



4

[(xvz] " [xvz] * [xvz] = 3\\[xvz] | [xvz] | [xYZ
1(‘133: BC m’)z_l

[4BX] | [Bcw] | [cDY] _ 1 (\/[ABX] | J[ECW] +\/[rnr])z _

3I\xy Txy Txy) T3

So )
4BX] + [Bow] + [cDY] > 272
log, T T —
cDY] + [DEU) + [EFzZ) > XX 2
and

|EFZ) + [Fav) + [aBx] > X7

Adding these three inegs solves the problem. )
Equality happens when X B = BC' = €'Y etc. In this case, all main diagonal (such as ./Af7}) will be parallel to the
non-neighboring sides as well. Also, like Vikernes said above, these diagonals are concurrent. But then parallel

condition only, or concurrent condition only, will not sufficient for equality to occur.

HEXAGON(Probleme din Kvant): 1106 sol in nr.10/1988; 1674 sol in nr.3/1997; 1579 sol. in
nr.4/1997; 2070/2008.



