Problema saptaméanii 83

Ardtati ca, pentru orice n € N* multimea {1,2,...,2n} poate fi partitionatd in
n perechi {a1,b1}, {as, b2}, ..., {an,b,} astfel incat suma numerelor din fiecare
pereche si fie numar prim.

Aceasta este ,teorema Greenfield si Greenfield”, publicatd prima oarad in
Greenfield, L. and Greenfield, S.| Some problems of combinatorial number the-
ory related to Bertrand’s postulate, J. Integer Seq. 1 (1998), Articolul 98.1.2.

Demonstratie: (a teoremei Greenfield & Greenfield)

Vom face demonstratia prin inductie ,tare” dupi n.

Pentru n = 1 nu avem ce demonstra: 1 + 2 este prim.

Sa presupunem afirmatia adevarata pentru 1,2,...,n si sd o demonstram pentru
n + 1. Conform teoremei Bertrand-Cebigev[l]

pentru orice numar natural m > 3, exista cel putin un numar prim printre
numerele m+1, m+2, ..., 2m — 3.

Avem nevoie de o forma mai slabd (i mai ugor de retinut): pentru orice numar
natural m > 1, exista cel putin un numiar prim p astfel incat m < p < 2m.

Astfel, putem alege un numar prim p astfel incat 2n + 2 < p < 4n + 4. Formam
perechi cu suma p: imperechem 2n+2 cu p— (2n+2), 2n+1 cu p— (2n+ 1), ete,
pana la 2% cu 221, Am folosit numerele de la p — (2n + 2) pana la 2n + 2. Cum
dn 4+ 3 > p > 2n + 3, i-am folosit cel putin pe 2n + 1 i 2n 4 2 si cel mult toate
numerele de la 1 la 2n + 2. Cel mai mic numar folosit este impar, iar pentru cele
ramase (daca existd), 1,2,..., p—2n— 3, putem aplica ipoteza de inductie potrivit
careia numerele ramase pot fi grupate in perechi avand suma numar prim.

Problem of the week no. 83
Prove that, for all n € N, the set {1,2,...,2n} can be partitioned into n pairs
{a1,b1}, {as,bo}, ..., {an,b,} such that a; + by is a prime for all 1 < k <n.

This is the ,Greenfield and Greenfield Theorem”, first published in Green-
field, L. and Greenfield, S., Some problems of combinatorial number theory related
to Bertrand’s postulate, J. Integer Seq. 1 (1998), Article 98.1.2.

Proof: (Greenfield and Greenfield Theorem)

We proceed by induction.

For n = 1 there is nothing to prove since 1 + 2 is prime.

Suppose the statement to be true for 1,2,...,n and let us prove it for n + 1.
According to the Bertrand-Chebyshef TheoremP| for any positive integer m > 3,

!Conjecturata in 1845 de citre Joseph Bertrand, care a si verificat-o pentru m < 3000000,
aceastd afirmatie a fost demonstrata in 1852 de catre Pafnuti Cebigev.

2Conjectured in 1845 by Joseph Bertrand, who also checked it for m < 3000000, the statement
was proven in 1852 by Pafnuti Chebyshev.
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there is at least one prime number among the numbers m+1, m+2, ..., 2m — 3.
We only need a weaker version: for any positive integer m > 1, there is at least
one prime number among the numbers m +1, m+2, ..., 2m — 1.

Hence, we can chose a prime p such that 2n + 2 < p < 4n + 4. We form pairs that
have the sum p: we pair up 2n + 2 with p — (2n+2), 2n+ 1 with p — (2n + 1), etc,
we pair 222 with 251, We have used the numbers from p— (2n+2) until 2n+2. As
dn+3 > p > 2n+ 3, we have used at least 2n + 1 and 2n + 2, and at most all the
numbers. The smallest number used is odd, and for the remaining ones (if any),
1,2,..., p—2n — 3, we may apply the inductive hypothesis, according to which,
the remaining numbers can also be grouped into pairs whose sum is a prime.



