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Algebra

Al

For any real number a, let |a] denote the greatest integer not exceeding a. In positive real

numbers solve the following equation ' .

"+|_‘/;J+H;J=2014-

A2

Let a, b and ¢ be positive real numbers such that abc =< . Prove the inequality

1
8

a’ +b* +c* +a*b* + bt +fa’ 2% .
When does equality hold?

A3

Let a,b,c be positive real numbers such that abc =1. Prove that:

1)’ 1)’ 1Y
[a+5] +[b+—} +(c+—-] 23(a+b+c+1).

c a
When does equality hold?
A4
Let a, b, ¢ be positive real numbers such that a+b+c=1. Prove that
71+2b  T+2¢  T+2a 69
l+4a 1+b 14+c¢ 4
When does equality hold?
AS

Let x,y,z be non-negative real numbers satisfying x+y+z=xyz. Prove that
2(x*+y +2%)23(x+y+2),

and determine when equality occurs.
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A6

Let a,b,c be positive real numbers. Prove that

[(:sa2 +1)2 + 2(1 +%)ZJ((3b2 +1)° +2(| +=Z'-)2J((3c2 +1) +2(1 +%)2J2 48 .

When does equality hold?

A7

Let a,b,c be positive real numbers such that a* + b* + c* = 48. Prove

a*J2b* +16 + B2\2¢* +16 +¢*V2a° +16 <242,

When does equality hold?
A8
Let x, y and z be positive real numbers such that xyz =1. Prove the inequality
) - ) + L >3, ik
x(ay+b) y(az+b) z(ax+b)
a) a=0andb=1, b) a=landb=0; ¢c) a+b=1for a,b>0

When does the equality hold true?

Remark. The problem can be reformulated:

Let a,b, x, y and z be nonnegative real numbers such that xyz=1 and a+b=1. Prove the
inequality

1 1 1
+ + >3
x(ay+b) y(az+b) z(ax+b)

When does the equality hold true?

Let n be a positive integer, and let x,,...,x,,y,,....y, be positive real numbers such that
x+..+x, =y +..+y, =1. Show that
o o I
x=-»nl+.]x,-y,|<£2-min—-min=— .
1=l 1%, =y, <2 lSilSn_yl Isisn X,
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Combinatorics
Cl1
Several (at least two) segments are drawn on a board. Select two of them, and let a and b be
their lengths. Delete the selected segments and draw a segment of length —i. Continue this

procedure until only one segment remains on the board. Prove:

a) the length of the last remaining segment does not depend on the order of the deletions.

b) for every positive integer n, the initial segments on the board can be chosen with

C2

In a country with n cities, all direct airlines are two-way. There are r> 2014 routes between
pairs of different cities that include no more than one intermediate stop (the direction of each

route matters). Find the least possible n and the least possible r for that value of n.

C3

For a given positive integer n, two players A and B play the following game: Given is pile of a
stones. The players take turn alternatively with A going first. On each turn the player is allowed
to take one stone, a prime number of stones, or a multiple of n stones. The winner is the one who

takes the last stone. Assuming perfect play, find the number of values for a, for which A cannot

win.

C4

Let A=1-4-7-...-2014 be the product of the numbers less or equal to 2014 that give remainder
1 when divided by 3. Find the last non-zero digit of A.
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Geometry
Gl1

Let ABC be a triangle with B = £C =40°. The bisector of the B meets AC at the point D

. Prove that BD+ DA = BC .

G2

Let ABC be an acute triangle with AB< AC <BCand c¢(O,R) be its circumcircle. Denote

with D and E be the points diametrically opposite to the points B and C, respectively. The

circle cl(A,E) intersects AC at point K, the circle cz(A,Xﬁ) intersects BA at point L(A

lies between B and L ). Prove that the lines EK and DL meet on the circle c.

G3

Let CD 1 AB (De AB), DM 1L AC (M € AC)and DN 1 BC (N e BC ) for an acute triangle
ABC with area S. If H, and H, are the orthocentres of the triangles MNC and MND

respectively. Evaluate the area of the quadrilateral AH BH, .

G4

Let ABC be a triangle such that AB+AC . Let M bea midpoint of BC, H the orthocenter
of ABC, O, the midpoint of AH and O, the circumcenter of BCH . Prove that O,AMO, is a

parallelogram.

G35

Let ABC be a triangle with AB # BC, and let BD be the internal bisector of £ABC(De AC).
Denote the midpoint of the arc AC which contains point BbyM . The circumcircle of the
triangle BDM intersects the segment AB at point K # B, and let J be the reflection of A with

respectto K . If DJ N AM ={0} , prove that the points J,B,M ,0 belong to the same circle.
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G6

Let ABCD be a quadrilateral whose sides AB and CD are not parallel, and let O be the

intersection of its diagonals. Denote with H, and H, the orthocenters of the triangles OAB and

OCD, respectively. If M and N are the midpoints of the segments AB and CD, respectively,
prove that the lines MN and H H, are parallel if and only {f AC=BD.
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Number theory
N1

Each letter of the word OHRID corresponds to a different digit belonging to the set {1,2,3,4,5).
e

Decipher the equality (O+H +R+1+D)*:(0—H —R+1+D)=0""

N2

Find all triples (p,q,r) of distinct primes p, q and r such that

3p*-5¢* -4r* =26.

N3

Find the integer solutions of the equation

x* =y (x+y* +2y%).

N4

Prove there are no integers a and b satisfying the following conditions:

i) 16a—-9b is a prime number
ii) ab is a perfect square

iii) a+b is a perfect square

NS

Find all nonnegative integers x, y, z such that

2013*+2014” = 2015°.

N6

Vukasin, Dimitrije, Dusan, Stefan and Filip asked their professor to guess a three consecutive

positive integer numbers after they had told him these (true) sentences:
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Vukasin: "Sum of the digits of one of them is a prime number. Sum of the digits of some of

the other two is an even perfect number (n is perfect if o(n)=2n). Sum of the digits of the

remaining number is equal to the number of its positive divisors."”

Dimitrife:"Each of these three numbers has no more than two digits 1 in its decimal
representation.”

Dusan:"lf we add 11 to one of them, we obtain a square of an integer.”

Stefan:"Each of them has exactly one prime divisor less then 10.”

Filip:"The 3 numbers are square-free.”

Their professor gave the correct answer. Which numbers did he say?
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Al

For any real number a, let |a] denote the greatest integer not exceeding a. In positive real

numbers solve the following equation

ne+|Vn |+ ¥n |=2014.

Solutionl. Obviously n must be positive integer. Now note that 44> =1936 < 2014 < 2025 =45
and 12’ <1900< 2014 <13%,

If n<1950 than 2014=n+[JZJ+L%/ZJ<1950+44+12=2006,acomradiction!

So n>1950. Also if n>2000 than 2014=n+LJZJ+L%/ZJ>2000+44+12=2056 , a

contradiction!
So 1950<n <2000, therefore LJE |=44  and [%/E |=12. Plugging that into the original
equation we get:
n+[\/EJ+L%/ZJ =n+44+12=2014
From which we get n=1956, which is the only solution.
Solution2. Obviously n must be positive integer. Since n <2014, /n <45 and Yn <13.
Form n= 2014-LJEJ—L2/ZJ >2014-45-13=1956 , \Jn >44 and ¥n >12, thus |_J7:J=44

and | 3/n [=12 and n=2014—[\/ZJ—L%/ZJ=2014—44—12= 1958.

10
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A2

Let a, b and c be positive real numbers such that abc = -21;- Prove the inequality

a+b*+ct +a’b? +b*c? +c*a* >

e
Y

When does equality hold?

Solutionl. By using The Arithmetic-Geometric Mean Inequality for 15 positive numbers, we
find that
a* +b* +c? +a*br +b*c? +ctat =

2 -2 .2 .2 32 ¥2 32 32
=@ jia ja pa” . b b b” b c”
IR S S W Sl S S S

ol ] T

as desired. Equality holds if and only if a=b=c=

+5+ £+ a?b? +b*c? +cta’ 2

1
5
Solution2. By using AM-GM we obtain

(a2 +b° +c2)+(4:12b2 +b%c? +c2a2) 23%/(12&'202 +3%/a"'b4 4=
_asl(1) 1\' _3.,3_15
-Re) Q) i1

The equality holds when a® =b* =¢? ,ie. a=b=c=

N =

11
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A3

Let a,b,c be positive real numbers such that abc =1. Prove that:

1 2 1 2 1 2
[a+—) +(b+—) +(c+—) 23(a+b+c+1).
b c a

When does equality hold?

Solutionl. By using AM-GM (x* + y* + z? 2 xy + yz + zx) we have
2 2 2
(a+l) +(b+1) +(c+lj 2(a+lj(b+l)+[b+l)(c+l)+(c+l)(a+—l-
b c a b c c a a b

=(ab+1+£+a)+(bc+1+£+b]+(ca +1+—c-+cJ
c a b

a ¢ b
=ab+bc+ca +—+E+_+3+a+b+c'
C a

p S

Notice that by AM-GM we have ab+ it 22b, bc+ % 22c, and ca+ Doy
a c
Thus ,

2 2 2
[a+—l—) +(b+l) +(c+l) 2(ab+ﬁj+(bc+£)+(ca+3)+3+a+b+c23(a+b+c+1).
b c a a b c

The equality holds if and only if a=b=c=1.
Solution2. From QM-AM we obtain

\/(a+l)2 +(b+1)" +(c+1)’ Jati+b+li+c+l
z 3

(a+;) [ ) ot )2(a+%+b-;§+c+-})2 )

From AM-GM we have l+ - +l>33 .

a b c abc

2 2 2 1 1 i 2 2
(el ool T slontsbnieensdfassressy
C

=3, and substituting in (1) we get

a 3 3
_(a+b+c)(a+b+c)+6(a+b+c)+9 S (a+b+c)3¥abc +6(a+b+c)+9
= > > - =

9 b+c)+9
- (a4 5 <) =3(a+b+c+l1)

The equality holds if and only if a=b=c=1.

12
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A4

Let a, b, ¢ be positive real numbers such that a+b+c=1. Prove that

1+2b , T+2c  T+2a 5 69
I+a  14b  1l+c 4 °

When does equality hold?

5+2(1+b) S5+2(1+ 5+2(1+
Solutionl. The inequality can be written as: ia) + () + [ #a) >69

l1+a 1+b I+¢c 4~

We substitute 1+a=x,1+b=yl+c=z.

So, we have to prove the inequality

S+2y 542z 5+2x569 o 5([1y 1, 1),0( 2 2, x)569
x y z 4 Xy z Xy z 4

where x,y,z>1 real numbers and x+ y+z=4.

We have
X+)’+Z> 3 ﬁl+i+l> 9 g:;l+l+l>2
3 1,141 X y z x+y+z x y z 4
xX y z
. l+l+£23 l._s’...£=3
Xy 2z Xy 2z

Thus, 5+—2)'+Ml+ﬂ=5 11,1 )40 2,x)55.9,9.3-69
x y z x y z x y z 4 4

The equality holds, when (x:y:z ,l=-§;=f,x+y+z=4].mus Do e

Wl

, l.e.

=

a=b=c=

(Y
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\
g—g@
Let x,y,z be non-negative real numbers satisfying x+ y+z = xyz. Prove that
2(x’ +y? +z’)23(x+y+ 2),

and determine when equality occurs.

Solution. Equality holds when x=y=z=0,
Apply AM-GM tox+ y+z = xyz,

xyz=x+y+z23xyz = (xyz)’ (3{/_)3
x'y'z' 2 27xyz
= x’y'2? 227
= Yx'ylz? 23
Also by AM-GM we have, x* + y* +z? 23)x'y " 29,

Therefore we get x* + y* +2z* 29,

Now,

2(x%+ y* +2%)
3

2(x* 4y +27)23(x 4yt z) e 2(x+y+z)

‘=2'2(x’+_v’+z’)

22:(x+y+2)

3
(x4 y* 4 2
< ( 3 )22-(x+y+z)
(& +y"+2%)
- xieyt e T/ ——a—22:(x+y+2)

x: a:
~3+.T+3+%+3+T2 2(_\'+_y+3)

3 g3y, 2
¢ ""5""3"‘?"'3*‘?22(&’4-)'4-:) 4

ana-ﬁ+: 3.2 ¢!
3 TS 22y )

14
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2 2 2
Equality holds if 3=%=-’;—=% ,ie. x=y=z=3,for which x+y+z#xyz.

Remark. The inequality can be improved: x*+ y*+2% 23 (x+y+2)
Solution. If one of the numbers is zero, then from x+ y+ z=xyz all three numbers are zero and

the equality trivially holds.

Xtytzoaxtytz g ()

2 2 2 " 2\
From QM-AM 22X *2 [ X+y+2) 5
3 3

From AM-GM x? + y +z2 233/x%y%z? =3

(x+y+z)2
9

(x*+)? +z’)2

Multiplying (1) and (2) we get 29 =(x+y+z)’. By taking square

root on both sides we deduce the stated inequality.

Equality holds only when x=y=z=~/§ orx=y=2z=0.

15
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A6

Let a,b,c be positive real numbers. Prove that
2 .1y 3 . 2,132 3 3 2 2 3 z > 483
((30 +1) +2(1+b) )((31; +1) +2(1+c) )((3.: +1) +2(1+a) )_48 .

When does equality hold?

3
Solution. Let x be a positive real number. By AM-GM we have lj'L"4"¢‘-.>_wr“, or

equivalently 1+3x2> 4):7;2 . Using this inequality we obtain:
(3a® +1)* 216 and 2(1+%)2 32573 .
Moreover, by inequality of arithmetic and geometric means we have :
f(a,b)=(3a* +1)? +2(1 JF%)2 2164 +32572 = 16(a3 +b3 +b"5‘)z 48% 5
Therefore, we obtain

f(a,b)f(b,c) f(c,a)248-%-48-€--48-% —48°

Equality holds only when a=b=c=1.

16
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A7

Lot wboe be positive veal numbery such that «® +b* 4 ¢* = 48, Prove

A Vb 410 403 10 4 VA" 110 €241,
When does egualiny hotd

L P R R p—

Nolutlon, Obrerve that 24" 416 = 204" 4 8) = 20+ D = 2 d)  Trom AM-OM:
T O T -5' At --k'-i't! (1),
Iy adding the inequality (1) obtained for x=a, y=b and v =¢ it suffices to prove!

@bt b bt ut e etat e Ret £ 20240,

Vo bt gty
Since a'h? 4 be? ¢ ot g LD '1‘--' £l uning ' +b" 4 ¢’ = 48, we get the stated inequality.

Hyuality holds only when @ =b=¢ =4,
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A8

Let x, y and z be positive real numbers such that xyz =1. Prove the inequality

1 1 1
+ + >
x(ay+b) y(az+b) z(ax+b)

a) a=0andb=1; b) a=landb=0; c) a+b=1 for a,b>0
When does the equality hold true?

3, if:

Solution. a) The inequality reduces to l+l+l 23, which follows directly from the AM-GM
x y z

inequality.
Equality holds only when x=y=2z=1.

1 1 1 . :
b) Here the inequality reduces to —+—+—23, i.e. x+y+2z23, which also follows
Xy yz =

from the AM-GM inequality.
Equality holds only when x=y=z=1.

c) Let m, n and p be such that x = L , ¥= s HZ= 2 The inequality reduces to
n 4 m

LA e——aae
amn+bmp anp+bnm apm+bpn

By substituting « =np, v=pm andw=mn, (1) becomes

u v w
+ 23
aw+bv au+bw av+bu
The last inequality is equivalent to
2 2
u v w?
23.

auw+buv auv+bvw avw+buw
Cauchy-Schwarz Inequality implies

2 2 2 2
u v % U+V+W
+ + > ( ) _ (utv+w)

auw+buv  auv+bvw  avw+buw  auw+buv+auv+bvw+avw+buw  uw+vu+wy

Thus, the problem simplifies to (u+v+w)® 23(uw+vu+wv), which is equivalent to

w-v)Y+(v-w)l+(w-u)’20.

18
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Equality holds only when u =v=w, thatis only for x=y=2z=1.
Remark. The problem can be reformulated:
Let a,b, x, y and z be nonnegative real numbers such that xyz=1 and a+b=1. Prove the
inequality
x(ayl +b) * y(azl +b) * z(axl +b) 20,
When does the equality hold true?

19
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A9

Let n be a positive integer, and let x,,..,X,,Y,,....Y, be positive real numbers such that

X +..+x, =y +..+y, =1. Show that

. X Y,
lx =y l+.lx, -y, IS 2—min>-—min2t .
1Sisn yi ISisn x‘-

Solution. Up to reordering the real numbers x, and y,, we may assume that Nc.cin Let

1 yn

A=21 and B=2% and S=lx -y I+..1x,—y,|.Ouraim is to prove that §s2-a-1.

B

1 n

First, note that we cannot have A >1, since that would imply x, >y, for all i<n, hence
X, +...+x,>y +..+y,. Similarly, we cannot have B <1, since that would imply x, <y, for all

isn,hence x,+..+x, <y +..+Y,.

If n=1,then x, =y, =A=B=1 and § =0, hence SSZ—A—%.For n22let 1<k <n be some

. X %
integer such that - <|g=Al

? 5 We define the positive real numbers X, =x +..+x.,
k k+l

X,=x,+.+x, \=y+.+y, ,=y,+.+y,. Note that ¥, 2 X, 2 AY, and Y, < X, < BY,.

Thus, AS%‘—SIS%{}SB.Inaddition, S=Y-X,+X,-Y,.
! 2

From 0< X,,Y, <1, 0<Y,-X, and 0< X, -Y,, follows

Lo X, Kok, X B 4L

=Y -X,+X,-¥,
N 1 1 2 2 YI X2 Y| x2 B

20
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C1

Several (at least two) segments are drawn on a board. Select two of them, and let a and b be
their lengths. Delete the selected segments and draw a segment of length ib—. Continue this
a+

procedure until only one segment remains on the board. Prove:
a) the length of the last remaining segment does not depend on the order of the deletions.
b) for every positive integer n, the initial segments on the board can be chosen with

distinct integer lengths, such that the last remaining segment has length n.

Solution. a) Observe that Lb =l+l. Thus, if the lengths of the initial segments on the board
5 @
: o 1 1 1 1
were a,, 4, ..., a,,and c is the length of the last remaining segment, then — = —+—+...+—
c a a, a,
, proving a).
b) From a) and the equation 1 = —1-+—1—+L it follows that if the lengths of the starting
n 2n 3n 6n

segments are 2n, 3n and 6n, then the length of the last remaining segment is n.

21
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C2

In a country with n cities, all direct airlines are two-way. There are r > 2014 routes between
pairs of different cities that include no more than one intermediate stop (the direction of each

route matters). Find the least possible n and the least possible r for that value of n.

Solution. Denote by X,, X,, ... X, the cities in the country and let X, be connected to exactly

m. other cities by direct two-way airline. Then X, is a final destination of m, direct routes and

an intermediate stop of m,(m,—1) non-direct routes. Thus r=m/+..+m’. As each m, is at

most n—1 and 13-12% <2014, we deduce n>14.
Consider n=14. As each route appears in two opposite directions, r is even, so r 22016 . We
can achieve r =2016 by arranging the 14 cities uniformly on a circle connect (by direct two-way

airlines) all of them, except the diametrically opposite pairs. This way, there are exactly

14-12> =2016 routes.

22
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For a given positive integer n, two players A and B play the following game: Given is pile of &
stones. The players take turn alternatively with A going first. On each turn the player is allowed
to take one stone, a prime number of stones, or a multiple of n stones. The winner is the one who

takes the last stone. Assuming perfect play, find the number of values for s, for which A cannot

win.

Solution. Denote by & the sought number and let {a,,a,,...,a,} be the corresponding values for

a. We will call each a; a losing number and every other positive integer a winning numbers.

Clearly every multiple of n is a winning number.

Suppose there are two different losing numbers a, > a,, which are congruent modulo 7. Then,
on his first turn of play, the player A may remove g, —a, stones (since n\a,. —a;), leaving a pile
with a, stones for B. This is in contradiction with both @, and a; being losing numbers.
Therefore there are at most n—1 losing numbers, i.e. k <n-—1.

Suppose there exists an integer re {1,2,...,n—1}, such that mn+r is a winning number for every
me N,. Let us denote by u the greatest losing number (if k>0) or 0 (if £ =0), and let
s=LCM(2,3,...,u+n+1). Note that all the numbers s+2, s+3, ..., s+u+n+1 are
composite. Let m'e N, be such that s+u+2<m'n+r<s+u+n+1.Inorder for m'n+r to be
a winning number, there must exist an integer p, which is either one, or prime, or a positive

multiple of n, such that m'n+r— p is a losing number or 0, and hence lesser than or equal to u.

Since s+2<m'n+r-u<p<m'n+r<s+u+n+1, p must be a composite, hence p is a
multiple of n (say p=gn). But then m'n+r—p=(m'-q)n+r must be a winning number,
according to our assumption. This contradicts our assumption that all numbers mn+r, me N,
are winning.

Hence there are exactly n—1 losing numbers (one for each residue re {1,2,...,n—1}).

23
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C4

Let A=1-4.7-...-2014 be the product of the numbers less or equal to 2014 that give remainder
1 when divided by 3. Find the last non-zero digit of A.

Solution. Grouping the elements of the product by ten we get:
(30K +1)(30k +4)(30k +7)(30k +10)(30k +13)(30k +16)
(30k +19)(30k +22)(30k +25)(30k +28) =
=(30k +1)(15k +2)(30k +7)(120k +40)(30k +13) (15k +8)
(30k +19)(15k +11)(120k +100)(15k +14)

(We divide all even numbers not divisible by five, by two and multiply all numbers divisible by

five with four.)
We denote P, = (30k +1)(15k +2)(30k +7)(30k +13) (15k +8) (30k +19)(15k +11)(15k +14) . For
all the numbers not divisible by five, only the last digit affects the solution, since the power of

two in the numbers divisible by five is greater than the power of five. Considering this, for even
k, P, ends with the same digit as 1-2:7-3-8-9-1-4, i.e. six and for odd k, F, ends with the
same digit as 1-7-7-3-3:9-6:9, i.e. six. Thus FFR...F, ends with six. If we remove one zero
from the end of all numbers divisible with five, we get that the last nonzero digit of the given
product is the same as the one from 6:2011:2014:4:10:16-...-796:802. Considering that
4-6-2-8 ends with four and removing one zero from every fifth number we get that the last
nonzero digit is the same as in 4-4°.784.796-802:1-4-...-76-79 . Repeating the process we did

for the starting sequence we conclude that the last nonzero number will be the same as in
2:6:6-40-100-160-220-280-61-32-67-73-38-79, which is two.
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1

Let ABC be atriangle with £B = £C = 40", The bisector of the £B meets AC at the point D
. Prove that BD + DA=BC.

Solution. Since £BAC =100" and £BDC =120" we have BD<BC. Let E be the point on
BC such that BD=BE. Then £DEC =100 and £EDC=40", hence DE=EC, and
LBAC+&ADEB=180". So A,B,E and D are concyclic, implying AD=DE (since
£LABD = £DBC = 20"), which completes the proof.
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G2

Let ABC be an acute triangle with AB < AC < BC and c(O,R) be its circumcircle. Denote
with D and E be the points diametrically opposite to the points B and C, respectively. The

circle c,(A,E) intersects AC at point K, the circle cz(A,E) intersects BA at point L(A

lies between B and L ). Prove that the lines EK and DL meet on the circle c.

Solution. Let M be the point of intersection of the line DL with the circle ¢(O, R)(we choose

M =D if LD is tangent to ¢ and M to be the second intersecting point otherwise). It is

L sufficient to prove that the points E, K

and M are collinear.

We have that LEAC =90° (since EC is

diameter of the circle c¢). The triangle
AEK is right-angled and isosceles (AE
and AK are radii of the circle c).

Therefore

£AEK = XAKE =45°.

Similarly, we obtain that

ABAD =90° = XKDAL. Since AD=AL

the triangle ADL is right-angled and
isosceles, we have

KLADL = XALD = 45° .
If M is between D and L, then XADM = £AEM , because they are inscribed in the circle

—

c(O,R) and they correspond to the same arch AM . Hence £LAEK = XAEM =45° i.e. the

points E,K,M are collinear.

If D is between M and L, then £ADM+ £AEM =180° as opposite angles in cyclic
quadrilateral. Hence £AEK = XAEM =45 j.e. the points E,K,M are collinear.
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G3

Let CD L AB (De AB), DM 1 AC (M € AC)and DN L BC ( N € BC ) for an acute triangle
ABC with area S. If H, and H, are the orthocentres of the triangles MNC and MND

respectively. Evaluate the area of the quadrilateral AH BH,.

Solutionl. Let O, P, K, R and T be the mid-
points of the segments CD, MN, CN, CH,

and MH,, respectively. From AMNC we
have that ﬁ:%ﬁfc and PK||MC.
Analogously, from AMH C we have that

T %W and TR||MC. Consequently, D\

PK=TR and PK||TR. Also OK| DN H,
(from ACDN ) and since DN 1 BC and MH, 1L BC, it follows that TH, || OK . Since O is the
circumcenter of ACMN, OP LMN. Thus, CH, LMN implies OP||CH,. We conclude

ATRH, = AKPO (they have parallel sides and TR = PK ), hence ﬁ, =PO,ie. C_H, =2PO and
CH, || PO .

Analogously, DH2=2-I"_5 and DH,||PO. From ai_l=2ﬁ)=DH2 and

CH,||PO||DH, the quadrilateral CH,H,D is a parallelogram, thus H,H,=CD and

H/H, || CD. Therefore the area of the quadrilateral AH,BH, is '2 =— " =F.

Solution2. Since MH,||DN and NH,||DM, MDNH, is a parallelogram. Similarly,

NH,||CM and MH,||CN imply MCNH, is a parallelogram. Let P be the midpoint of the

segment MN . Then 0,(D)=H, and 0,(C)=H,, thus CD| H,H, and E'5=H,H2. From

CD 1 AB we deduce A, ;. =-;—E-E= S.
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G4

Let ABC be a triangle such that AB#AC .Let M bea midpoint of BC, H the orthocenter
of ABC, O, the midpoint of AH and O, the circumcenter of BCH . Prove that O,AMO, isa

parallelogram.

Solutionl. Let O, be the point such that O,AMO, is a parallelogram. Note that

MO, = AO, = O,H . Therefore, O,HO,M is a parallelogram and MO, = O,H .

Since M is the midpoint of BC and O, is the midpoint of AH, it follows that

4MO, = BA+ BH + CA+CH =2(CA+ BH) . Moreover, let B' be the midpoint of BH . Then,

20,B -BH =(0,H +0,B)-BH = (20,H + HB)- BH =
= (2MO, + HB)- BH = (CA+ BH + HB)-BH = CA- BH =0.

By a .b we denote the inner product of the vectors @ and b .

Therefore, O, lies on the perpendicular bisector of BH . Since B and C play symmetric roles,
O'2 also lies on the perpendicular bisector of CH , hence O; is the circumcenter of ABCH and
0,=0,.

Note: The condition AB# AC just aims at ensuring that the parallelogram O,ANO, is not

degenerate, hence at helping students to focus on the “general” case.

Solution2. We use the following two well-known facts:

03¢ (H) lies on the circumcircle of AABC . (1)
AH =-2MO, where O is the circumcenter of AABC. (2)
The statement “O,AMO, is parallelogram” is equivalent to “ &, (0,)=0". The later is true

because the circumcircles of AABC and ABCH are symmetrical with respect to BC , from (1).
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Let ABC be a triangle with AB # BC, and let BD be the internal bisector of £ABC(De AC).
Denote the midpoint of the arc AC which contains point BbyM . The circumcircle of the
triangle BDM intersects the segment AB at point K # B, and let J be the reflection of A with

respectto K . If DJ NAM ={0} , prove that the points J,B,M ,0 belong to the same circle.

Solutionl.

Let the circumcircle of the triangle BDM intersect the line segment BC at point L# B. From

£CBD = £DBA we have DL=DK . Since £LCM = £BCM = £BAM = £KAM , MC =MA
and

LIMC = XLMK — £CMK = £LBK — KCMK = £CBA- ACMK = £CMA - £CMK = £KMA,

it follows that triangles MLC and MKA are congruent, which implies CL=AK =KJ.
Furthermore, £CLD =180°—-4£BLD = ADKB = ADKJ and DL=DK , it follows that triangles
DCL and DJK are congruent. Hence, £DCL = £DJK = £BJO. Then

£BJO+ ABMO = £ADCL+ ABMA = XBCA+180° - £BCA =180°

so the points J,B,M,O belong to the same circle, g.e.d.
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Solution2.

Since MC=MA and £CMA = £CBA, we have XACM = £CAM =90°—%. It follows

that <MBD = AMBA+ £ABD = XACM + £ABD = 90° -% + é%BA =90°. Denote the

midpoint of AC by N. Since £DNM = £CNM =90°, N belongs to the circumcircle of the
triangle BDM . Since NK is the midline of the triangle ACJ and NK I|CJ, we have

&ABJC = £BKN =180°—-&£NDB = £CDB.
Hence, the quadrilateral CDJB is cyclic (this can also be obtained from the power of a point
theorem, because AN -AD = AK - AB implies AC-AD=AJ - AB ), and

£ABJO = £180° - £BJD = £ABCD = £ABCA =180° - X BMA =180° - XBMO,
so the points J, B, M, O belong to the same circle, q.e.d.

Remark. If J is between A and K the solution can be easily adapted.
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G6

Let ABCD be a quadrilateral whose sides AB and CD are not parallel, and let O be the

intersection of its diagonals. Denote with H, and H, the orthocenters of the triangles OAB and

OCD, respectively. If M and N are the midpoints of the segments AB and CD, respectively,
prove that the lines MN and H H, are parallel if and only if AC=BD.

Solution.

Let A' and B' be the feet of the altitudes drawn from A and B respectively in the triangle
AOB, and C' and D' are the feet of the altitudes drawn from C and D in the triangle COD .

Obviously, A' and D' belong to the circle ¢, of diameter AD, while B' and C' belong to the
circle ¢, of diameter BC.

It is easy to see that triangles H,AB and H/B'A' are similar. It follows that

HA-HA'=HB-HB'. (Alternatively, one could notice that the quadrilateral ABA'B" is cyclic

and obtain the previous relation by writing the power of H, with respect to its circumcircle.) It
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follows that H, has the same power with respect to circles ¢, and c,. Thus, H, (and similarly,

H,) is on the radical axis of the two circles.
The radical axis being perpendicular to the line joining the centers of the two circles, one

concludes that H H, is perpendicular to PQ, where P and Q are the midpoints of the sides

AD and BC, respectively. (P and Q are the centers of circles ¢, and c,.)

The condition H H,||MN is equivalent to MN L PQ. As MPNQ is a parallelogram, we

conclude that H,H, || MN < MN L PQ < MPNQ arhombus < MP = MQ <> AC = BD.
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N1

Each letter of the word OHRID corresponds to a different digit belonging to the set {1,2,3,4,5).

10

Decipher the equality (O+H +R+1+D)* :(0-H -R+1+D)=0""

Solution. Since O, H, R, I and D are distinct numbers from {1,2,3,4,5}, we have
O+H+R+I1+D=15 and O-H-R+I+D=0+H+R+1+D-2(H+R)<15. From this

2 b
HR'D _(0+H+R+1+D) _ 225 ”R’ L. i .
0 = O0-H-R+I+D —15_2(H+R),hence (0] >15 and divides 225, which is

1D
only possible for o't =25 (must be a power of three or five). This implies that O=5, H =2
and R=1.1It’s easy to check that both / =3, D=4 and I =4, D =3 satisfy the stated equation.
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N2

Find all triples (p,q,r) of distinct primes p, q and r such that

3p* -5¢* -4r* =26.

Solution. First notice that if both primes ¢ and r differ from 3, then ¢* = 7> =1(mod 3), hence

the left hand side of the given equation is congruent to zero modulo 3, which is impossible since

26 is not divisible by 3. Thus, ¢ =3 or r =3. We consider two cases.

Case 1. g =3.

The equation reduces to 3p* —4r? =431 (1).

If p#5, by Fermat’s little theorem, p*=1 (mod 5), which yields 3-4r* =1 (mod 5),

or equivalently, r*+2=0 (mod 5). The last congruence is impossible in view of the fact that a

residue of a square of a positive integer belongs to the set { 0, 1,4} . Therefore p=5 and r=19.

Case 2. r =3.

The equation becomes 3p* —5¢* =62(2).

Obviously p#5. Hence, Fermat’s little theorem gives p*=1(mod 5). But then
5¢* =1 (mod 5), which is impossible.

Hence, the only solution of the given equationis p=5, g=3, r=19.
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N3

Find the integer solutions of the equation

=y (x+y' +2y).

Solution. If x=0, then y =0 and conversely, if y=0, then x=0. It follows that (x, y)=(0,0) is

a solution of the problem. Assume x#0 and y#0 satisfy the equation. The equation can be

transformed in the form x* —xy* = y°+2y*. Then 4x* —4xy* +y* =4y° +9y* and consequently
2 ) 2

(—-{:——1] =4y*+9 (1). Obviously —f—l is integer. From (1), we get that the numbers
Yy i g

—2%—1, 2y and 3 are Pythagorean triplets. It follows that 3’;—1 =15 and 2y =14. Therefore,
Yy

Y
x=3y* or x==2y* and y=42. Hence (x,y)=(12,-2), (x,)=(12,2), (x,y)=(-8,-2) and
(x,y)=(=8,2) are the possible solutions. By substituting them in the initial equation we verify

that all the 4 pairs are solution. Thus, together with the couple (x,y)=(0,0) the problem has 5

solutions.
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N4

Prove there are no integers a and b satisfying the following conditions:

i) 16a—9b is a prime number
i) ab is a perfect square

iii) a+b is a perfect square

Solution. Suppose a and b be integers satisfying the given conditions. Let p be a prime

number, n and m be integers. Then we can write the conditions as follows:

16a-9=p ()
ab=n? 2)
atb=m’ . 3)

Moreover, let d = gdc(a,b)and a=dx, b=dy for some relatively prime integers x and y.
Obviously a#0 and b#0, a and b are positive (by (2) and (3)).

From (2) follows that x and y are perfect squares, say x =/’ and y= st

From (1), d| p and hence d=p or d=1.1If d = p, then 16x-9y =1, and we obtain x=9k+4,

y=16k+7 for some nonnegative integer k. But then s2=yE3( mod 4), which is a

contradiction.

If d =1 then 16/* =9s® = p=> (41 =3s)(4l+3s) = p=> (41 +3s= pAdl -3s=1).

By adding the last two equations we get 8/ = p+1 and by subtracting them we get 6s=p—1.
Therefore p=24t+7 for some integer ¢+ and a=(3r+1)> and b=(4r+1)> satisfy the
conditions (1) and (2). By (3) we have m® = (3t+1)* +(4r+1)> = 25> + 14t + 2, or equivalently
25m® = (25t +7)* +1.

Since the difference between two nonzero perfect square cannot be 1, we have a contradiction.

As a result there is no solution.
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Find all nonnegative integers x, y, z such that

2013 +2014’ =2015°.

Solution. Clearly, y > 0, and z> 0. If x=0 and y=1,then z=1 and (x,y,z)=(0,1,1) isa
solution. If x=0 and y >2, then modulo 4 we have 1+0=(-1)", hence z is even (z =2z, for
some integer z,). Then 2°1007” =(2015" -1)(2015" +1), and since gcd(1007,2015% +1)=1
we  obtain 2-100'7”‘2015zl -1 and  2015° +1|2)"I . From this we  get
2015% +1<2*" <2-1007” <2015 -1 , which is impossible.

Now for x>0, modulo 3 we get 0+1=(-1)", hence z must be even (z =2z, for some integer
z,)- Modulo 2014 we get (—l)x +0=1, thus x must be even (x=2x, for some integer x,). We
transform the equation to 2’1007’ =(2015:' -2013" )(20152' +2013") and  since
gcd(2015’“' -2013%,2015% +2013"')=2, 1007° divides 2015* =2013% or 2015% +2013" but
not both. If 100'7"20152l —2013", then 2015" +2013" <2’ <1007’ £2015" —2013", which is

impossible. Hence 1007|2015 +2013%, and from 2015 +2013" =1+(~1)" (mod1007), x, is

odd (x =2x, =4x, +2 for some integer x,).

Now modulo 5 we get —1+(-1)" =(-2)"*" +(=1)" =0, hence y must be even (y=2y, for

some integer y,). Finally modulo 31, we have (-2)"*"+(=1)"" =0 or 4** =—1. This is

impossible since the reminders of the powers of 4 modulo 31 are 1, 2, 4, 8 and 16.
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N6

Vukasin, Dimitrije, Dusan, Stefan and Filip asked their professor to guess a three consecutive

positive integer numbers after they had told him these (true) sentences:
Vukasin: "Sum of the digits of one of them is a prime number. Sum of the digits of some of
the other two is an even perfect number (n is perfect if o(n)=2n). Sum of the digits of the

remaining number is equal to the number of its positive divisors."

Dimitrije:"Each of these three numbers has no more than two digits 1 in its decimal
representation.”

Dusan:"lf we add 11 to one of them, we obtain a square of an integer."

Stefan:"Each of them has exactly one prime divisor less then 10."

Filip:"The 3 numbers are square-free."

Their professor gave the correct answer. Which numbers did he say?

Solution. Let the middle number be n, so the numbers are n—1, n and n+1. Since 4 does not

divide any of them, n=2(mod4). Furthermore, neither 3, 5 nor 7 divides n. Also
n+1+11=2(mod4) cannot be a square. Then 3 must divide n—1 or n+1. If n-1+11 isa

square, then 3|n+1 which implies 3|n+ 10 (a square), so 9|n+10 hence 9|n+1, which is
impossible. Thus must be n+11=m?.

Further, 7 does not divide n—1, nor n+1, because 1+11=5(mod7) and —1+11=3(mod7) are
quadratic nonresidues modulo 7. This implies 5|n—l or 5|n+1. Again, since n+11 is a square,
it is impossible 5/n—1, hence 5|n+1 which implies 3|n—1. This yields n=4(mod10) hence
S(n+1)=S(n)+1=S(n—-1)+2 (S(n) is sum of the digits of n). Since the three numbers are

square-free, their numbers of positive divisors are powers of 2. Thus, we have two even sums of
digits — they must be S(n—1) and S(n+1), so S(n) is prime. From 3|n~1, follows S(n-1) is

an even perfect number, and S(n+1)=2". Consequently S(n)=2”—1 is a prime, so p is a

prime number. One easily verifies p#2, so p is odd implying 3|2” —2. Then
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0'(2"—2)2(2”—2)(1+%+%+%)=2(2"—2). Since this number is perfect, :

must be

one,ie. p=3 and S(n—1)=6, S(n)=7 and S(n+1)=8.
Since 4 does not divide n, the 2-digit ending of n must be 14 or 34. But n =34 is impossible,

since n+11=45 is not a square. Hence, n=10"+10" +14 with a>b>2.If a#b, then n has

three digits 1 in its decimal representation, which is impossible. Therefore a =54, and
n=2-10°+14. Now, 2-10°+25=m", hence 5|m, say m=5¢, and (r-1)(z+1)=2""5"2,
Because ged(7—1,7+1) =2 there are three possibilities:

1) t=1=2, t+1=2°5""?, which implies a =2, t=3;

2)t=-1=2°, t+1=2-5%,50 2° +2=2-5"%, which implies a=3, t=9;

3)1-1=2-5"2, t+1=2%,s0 2-5°? +2 =27, which implies a =2, t =3, same as case 1).

From the only two possibilites (n-1nn+1)=(213,214,215) and (n-Lnn+l)=
(2013,2014,2015) the first one is not possible, because S§(215)=8 and 7(215)=4. By

checking the conditions, we conclude that the latter is a solution, so the professor said the

numbers: 2013, 2014, 2015.
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