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0.1 Algebra

A1 Let a, b, c be positive real numbers such that abc = 1. Prove that:
(a®+a*+a*+a+a+1) (VP +b +03 07 +-b+1) (P +cH-P P etl) > 8(a®+a+1) (B2 4+b+1) (P +c+1).

Solution

Wehavez® +2' + 22 + 2 + 2+ 1= (23 + 1)(2® + v + 1) forall x € R,.
Take S = (e’ +a+ 1)(B* + b+ 1)(c®> +c+1).

The inequality becomes S(a® + 1)(b* + 1)(c* + 1) > 88S.

It remains to prove that (a® + 1)(b® + 1)(c* + 1) > 8.

By AM — GM we have 2% +1 > 2V/z3 forall z € R,.

So (a® 4+ 1) (b +1)(c* + 1) > 2% - Va3b3c3 = 8 and we are done.
Equality holds whena =b=c=1.

A2 Let z,y, z be positive real numbers. Prove that:

T+ 2y Y+ 2z z+2x <3
242043y x+2y+32z y+22+3x " 2

Solution 1 ) ,
T+ 2y rT+y+z

Notice that _ l——— | =3— .

otce aZz—l—Q:c—l—By Z( z—|—2x+3y> <x+y+z)§z+2x+3y

cyc

1 3 3 1
Wehavetoproofthat3—(x+y+z)Zm < gor 2ty+2) = Z C+2r+3y
c e

. 1 (1+141)° 3
B hy-Sch =z B '
yCauc ySc warz we Obtalnzy;z+2x+3y = Z<Z+2x+3y) 2(gg+y+z)

cyc

Solution 2

Because the inequality is homogenous, we can take x +y + z = 1.

Denote x +2y =a, y+22=0b, 2+ 2z =c. Hence,a+b+c=3(x+y+2) = 3.
kE+1 k

Wehave (k—1)2> 0« (k+1)2 >4k & n > k+1forallk>0.

x4+ 2y a a+1 a+b+c+3 3
H < = _ 2
encezz—i—Qat—l—Sy Z1—|—a_Z 4 4 2

2 b b2
A3 Let a, b be positive real numbers. Prove that 4/ % ++Vab < a+0b.

Solution 1

2 2
Applying = +y < /2(2% +4?) for x = 4/ % and y = vab, we will obtain

3 5 ) 2 2 2
a +o;b+b +\/@£\/2a +2ab§2b +6ab§\/3(a +b3+2ab):a+b.
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Solution 2
The inequality is equivalent to
a?+ab+b*  3ab \/ab(a2 +ab+b?) _ 3a® + 6ab + 30
—— t+ 5 +2 <
3 3 3 3

2 2 2 2 2 2 2

2¢dmz+ah+b)§ m-+w+h)or%%§ a?+ab+b
3 3 3

since a® + b? + ab > 2ab + ab = 3ab.

. This can be rewritten as

which is obviously true

A4 Let z,y be positive real numbers such that z* + y* < z? + y*. Find the greatest
possible value of the product zy.

Solution 1

We have (z + y)(z* + v?) > (z + y)(2® + ¥*) > (2% + y*)?, hence = + y > z* + y*. Now
2 +y) > (14 1)(2? +y?) > (z +y)? thus 2 > z + y. Because z + y > 2,/zy, we will
obtain 1 > zy. Equality holds when z =y = 1.

So the greatest possible value of the product zy is 1.

Solution 2

By AM — GM we have z° +y* > | /zy - (z* +y?), hence 1 > | /zy since 2% + y* > z° + ¢°.
Equality holds when x = y = 1. So the greatest possible value of the product zy is 1.

A5 Determine the positive integers a, b such that a?b* + 208 = 4{lcm[a; b] 4+ gcd(a; b) }2.
Solution

Let d = gcd(a,b) and x,y € Z, such that a = dz, b = dy. Obviously, (z,y) = 1. The
equation is equivalent to d*z?y? + 208 = 4d*(zy + 1)?. Hence d* | 208 or d* | 13 - 42, so
d e {1,2,4}. Take t = xy with t € Z,.

Case I. If d = 1, then (zy)? + 208 = 4(zy + 1)? or 3t? + 8t — 204 = 0, without solutions.
Case II. If d = 2, then 162%y? + 208 = 16(xy + 1)? or * + 13 =1? + 2t +1 = t = 6, so
(z,y) € {(1,6);(2,3); (3,2); (6, 1)} = (a,b) € {(2,12); (4,6); (6,4); (12;2)}.

Case III. If d = 4, then 16%2%y* +208 = 4-16(xy + 1)? or 16t* + 13 = 4(¢t+ 1)* and if t € Z,
then 13 must be even, contradiction!

Finally, the solutions are (a, b) € {(2,12);(4,6); (6,4); (12;2)}.

2011 22
A6 Let x; > 1, forall i € {1,2,3,...,2011}. Prove the inequality Z

> 8044
Tit1 —

where 29912 = z1. When does equality hold?

Solution 1
Realize that (x; — 2)? > 0 & 2 > 4(z; — 1). So we get:
2 2 22
1 2 L2011 rp—1 wx3—1 Toor1 — 1
>4 vio ¥ —=——|.By AM — GM:
33'2—1 —1_'_ +I1—1_ (132—1+563—1+ * 371—1 y
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“_1+“@_1+m+§2£%222Myzﬁﬁh_lyb_l..fﬁi:lzsz

IQ—]. .Z‘g—l I — 1'2—1 Ig—l LL’l—].
562 .TQ 2
Finally, we obtain that —— + —2— + ... + %L o > 8o,
To — 1 T3 — 1 1 — 1
Equahty holds when (I’Z — 2)2 = 0, (\V/) 1= ]_, 2011, OYrxr1 =9 = ... = T9011 = 2.

Solution 2
All the denominators are greater than 0, so by C'auchy — Schwarz we have:

x? T3 T T30 > (z1 + @2 + ... 4 T2011)?
ZEQ—]_ 133—]_ 1‘1—1 - $1+$2+...+I2011—2011
2011 2011

2
28&Mor<§:%) +4-2m1224.2m1-§:xiwhmhm

i=1 i=1

. It remains to prove that

(l’l + ) + ...+ .I‘QOH)Z
X1+ T+ ... + Too11 — 2011

2011

2
obviously true by AM — GM for (Z xl> and 4 - 20112

i=1
Equality holds when z; + 25 + ... + 29911 = 4022 and oo .= 2011 or
Lo — 1 r3 — 1 ry — 1

2011 2011
1,2011 = E i E 7742 Where x990 = 71 and
) i U142 2012 1
=1 =1
T2013 — T2. This means that 1 = T2 = ... = T9011-

2 . .
Ty — Xy = Ti—1Ti41 — Ti—1, (V) ?

So equality holds when 1 = T9 = ... = X911 = 2 since T1+ ZTo+ ... +Too11 = 4022.

A7 Let a, b, c be positive real numbers with abc = 1. Prove the inequality:

2a2+§ 2b2+% 2¢2 41

b+ 2 +1 a+i4+17

S
C —
b

Solution 1

1 1 4
By AM — GM we have 22% + — = 22 + 22 + — 23\3/x—:3xforalla:>0,sowehave:
T xr T

Z 20/24—% > 3@ _3 Z (12 (a+b+C)
b+§+1—cw1+b+mf_ Cw1+a+ab —3+a+b+c+ah+m+az

cyc

By AM —GM we have ab+bc+ca > 3and a+b+c > 3. But 3(a®>+b*+¢?) > (a+b+c)* >
3a+b+c). So(a+b—|— c)?> =a?+b*+c®+2ab+2bc+2ca > 3+a+b+c+ab+ be+ ca.
2 2 2
+— 3(a+b+c) 3(a+b+c)
H >
emEE: 3+a+b+c+ab+m+ca—(a+b+@2

cyc

Solution 2 .
202 + 1 el ol 23 3
Denotea:y,b:iandc:g We have —e = - vt :
T y z b+.+1 24741 22(z+y+2)

<

Y



2a° + ; 1 2y + 2 1 Y
Hence = . = . 2 7.
%b—l—%—%l rT+y+z ; x? T+y+z rrYyT It ;ﬁ

3
By Rearrangements Inequality we get E y—2 >r+y+z.
T

cyc

20* + 1 1
So a > - (3z + 3y +3z) = 3.
Zb+§+1—x+y+z (32 + 3y +32)

cyc

A8 Decipher the equality (LARN — ACA) : (CYP+ RUS) = C¥" . RU® where different
symbols correspond to different digits and equal symbols correspond to equal digits.
It is also supposed that all these digits are different from 0.

Solution

Denote + = LARN — ACA, y = CYP + RUS and z = CY" . RU”. 1t is obvious that
1823 — 898 < x < 9187 — 121, 135 + 246 < y < 975 + 864, that is 925 < x < 9075 and
381 < y < 1839, whence it follows that 2> < 2 < S, or0,502... < 2 < 23,81... Since
X

— = zis an integer, it follows that 1 < § < 23, hence 1 < CY" . RV < 23. So both
Yy
values CY" and RU° are < 23. From this and the fact that 22° > 23 it follows that at

least one of the symbols in the expression C*" and at least one of the symbols in the

expression RV® correspond to the digit 1. This is impossible because of the assumption
that all the symbols in the set {C.Y, P, R, U, S} correspond to different digits.

n—1
A9 Let zq, 29, ..., z,, be real numbers satisfying Z min(xg; Tg11) = min(zy, z,).
k=1
n—1
Prove that Z x> 0.
=2
Solution 1

Case I. If min(xq, x,) = x1, we know that 2, > min(zy; zx41) forall k € {1,2,3,....n—1}.
n—1 n—1

Soxi+xo+ ... +xp_1 > Z min(zy; g1) = min(xy, z,) = 1, hence Z x> 0.

Case II. If min(zy,z,) = x]}jlwe know that x; > min(zy_1;zy) for all 7{;:26 {2,3,4,...,n}.
n— n—1

Soxy+w3+...+x, > Z min(xy; Tgy1) = min(zy, x,) = x,, hence Z x> 0.

Solution 2 ) = =

Since min(a, b) = i(a + b — |a — b|), after substitutions, we will have:

1

3
I

1
(xk + Tpy1 — ]xk — $k+1’) = 5(3[1 + T, — ‘.1'1 — l’n‘) = ...
1

2@+ 34 .+ Tpo1) + | — xp| = |21 — T2] + T2 — 23] F o T — X

e
Il
DO | —
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As|zy —xo| + |z — 23|+ oo F | — x| |1 — o F e — a5+ AT — x| = |2 — 2y,
we obtain the desired result.



